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Econometrica, Vol. 47, No. 5 (September, 1979)

GENERAL CONDITIONS FOR GLOBAL INTRANSITIVITIES IN
FORMAL VOTING MODELS'

By RicHARD D. McKELVEY

This paper proves that for majority voting over multidimensional alternative spaces, the
majority rule intransitivities can generally be expected to extend to the whole alternative
space in such a way that virtually all points are in the same cycle set. In other words, given
almost any two points in the alternative space, it is possible to construct a majority path
which starts at the first, and ends at the second. It is shown that for the intransitivities not to
extend to the whole space in this manner, extremely restrictive conditions must be met on
the frontier (or boundary) of the cycle set. Similar results are shown to hold for any social
choice rule derived from a strong simple game. These results hold under fairly weak
assumptions on individual preferences: individuals need only have continuous utility
representations of their preferences such that no two individuals’ preferences coincide
locally. The results seem to rule out the possibility, at least in models of interest to
economists, of using the transitive closure of the majority relation as a useful social choice
function. They also imply that under any social choice rule meeting the conditions assumed
here, it is generally possible to design agendas based on binary procedures which will arrive
at virtually any point in the alternative space, even Pareto dominated points.

1. INTRODUCTION

SINCE ARROW'S [1] PIONEERING WORK in the area, it has been known that for
most social choice mechanisms, situations can arise in which the social ordering is
intransitive even though all individuals hold transitive preferences. However,
Arrow’s theorem only tells us that there is some profile of individual preferences
which can yield an intransitive social ordering. It does not tell us the likelihood
with which we can expect such a situation to arise. Nor does it tell us the
seriousness, or the extent of the intransitivities when they do occur. This paper
deals with the above questions in the context of a particular class of social choice
rules, namely those based on strong simple games, where the alternatives are a
subset of a multidimensional space. Particular attention is given to the special case
of majority rule. For such situations it is shown that not only will intransitivities
usually arise, but also, the intransitivities will generally be global, so that all points
in the space are members of the same cycle set.

The question of the likelihood with which intransitivities arise has already
received a considerable amount of attention, especially for the case of majority
rule. In fact, in multidimensional models of voting, our concern here, the
conditions necessary just to guarantee transitivity at the top of the social ordering
have been shown to be so severe that one would seldom expect them to be met in
practice. Plott [17] has shown if all voters have continuous, differentiable utility
representations of their preferences, that a necessary condition for the existence
of a core point (i.e., a point that is undefeated under the majority relation) is that a
very strong symmetry condition on individual gradient vectors be met. The
condition is so strong that even if it were met, a minor perturbation of any one

' This research was supported, in part, by the National Science Foundation, Grant # SOC77-
08291. I am indebted to Norman Schofield for some conversations in the early stages of this research
which influenced my thinking on the problem, and to Rodney Gretlein for comments on an earlier
draft. In addition to the literature cited in the text, the interested reader should also see recent articles

by Cohen and Matthews [4] and Schofield [21], which were written subsequent to this article, and
extend some of the results of Section 4 of this paper.
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1086 R. D. McKELVEY

voter’s preferences would cause it to be violated. See Sloss [23], Davis, De Groot,
and Hinich [5], and McKelvey and Wendell [14] for other versions of this result,
and Matthews [12] and Slutsky [24] for extensions beyond simple majority rule.
The generic nonexistence of a core also has been proven by Rubinstein [19]for the
case when only continuity of preferences is assumed. Thus, existence of a core
would seem to be a rare event. Further, transitivity at the top of the social ordering
(i.e., existence of a core) does not guarantee anything about the rest of the social
ordering. One is forced to conclude that the likelihood of obtaining a completely
transitive social ordering in the case of majority rule would be extremely remote.
Work of Kramer [10] and Schofield [20] on conditions for local transitivity
reinforces this conclusion.

Although the difficulty of guaranteeing transitivity in multidimensional voting
models is well known, it is not well understood how these intransitivities behave
when transitivity breaks down. Thus, the question of the extent, or severity of the
intransitivities is relatively unexplored. A substantial body of literature has
developed recently under the implicit assumption that the intransitivities are fairly
well behaved. This literature defines a derived social choice rule, called the
transitive closure, which ranks two alternatives as socially indifferent if there is a
cycle of which they both are members, and ranks x better than y if there is a finite
path from y to x but not back. This effectively partitions the alternative space into
“cycle sets,” which are ordered transitively. The “top cycle set” is then of
particular interest from both a normative and a descriptive point of view, the idea
being that once alternatives in this set are proposed, society should not (or will
not) then move to an alternative outside of the set. A review of this literature
appears in Sen [22].

The usefulness of the above approach is of course dependent on the intran-
sitivities in the social order being fairly limited in scope. Some recent research
suggests that this hope may be unfounded. In a previous paper, I1[13] have shown,
in a model which assumes ‘‘Euclidian” preferences (i.e., preferences based on
Euclidian distance from an individual ideal point), that when transitivity breaks
down at all, it breaks down completely, so that all points in the policy space, X, are
in the same cycle set. By this, it is meant that for any xo, yo € X, it is possible to find
asequence b, . . ., Ok € X, with 8y = xo, Ok = yo, such that ;. is preferred to 6; by
a majority for 1<i<K —1. Thus, it is possible to find a majority rule path
between any two points in the space. Recently, Cohen [3], using methods of proof
quite similar to those used in this paper, has shown that the result extends to the
case when preferences are “‘elliptical,” and has also shown uniqueness of the top
cycle set for general convex preferences. The assumption of Euclidian, or even
elliptical preferences is clearly quite restrictive. However, Schofield [20], using a
very different approach, has shown a similar result in a model requiring only that
preferences be continuous and differentiable. He shows that there usually exists a
continuous majority rule path between any two points in the policy space. But
Schofield has only shown this result for the case when the number of policy
dimensions is large in relation to the number of voters. (He requires m =q+1,
where m is the dimensionality of the policy space, and g is the number of voters in
a minimal winning coalition.)
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VOTING MODELS 1087

In this paper, it is shown that if the paths are not restricted to be continuous the
above result extends to a very general model which places no restrictions on m.
We assume only that voters have continuous utility representations of their
preferences such that no two voters’ preferences coincide locally. It is then shown
that except under very restrictive conditions on individual preferences, global
intransitivities will prevail. The conditions are such that if the alternative space, X,
is any connected subset of R, one would usually expect them tc fail, unless
preferences are more or less linear over some region of X. If X is any connected
subset of R™, with m > 2, one would virtually always expect the conditions to fail,
regardless of the nature of individual preferences. In fact, for X < R™, with m > 2,
the conditions generally fail so badly that not only is there a majority path between
any two points, but that path can be chosen in such a way that it is arbitrarily close
to any pre-selected curve connecting the two points.

The above describes the situation for majority rule. We also look at the general
class of social choice functions generated by strong simple games. The results are
more difficult to interpret here. Although they seem somewhat less pessimistic
than those for majority rule, they appear to be similar in spirit to those described
above: Namely, unless there is one strong player, or a fortunate distribution of
preferences, we would expect global intransitivities here too.

These results imply that for social choice rules meeting the conditions required
here, the transitive closure would not in general be useful as a social choice
function, since it would rank all alternatives as socially indifferent. The results also
imply that in most cases social choice rules of the sort studied here would be
subject to manipulation by anyone in control of the agenda. A clever agenda
setter, with knowledge of all voter’s preferences could design an agenda to reach
virtually any point in the alternative space.

The rest of the paper is organized into four sections. The following section
(Section 2) begins by giving notation and definitions. We define the set P*(x) as
the set of points that are “‘reachable’ from a point x via the social relation. Section
3 then presents the main theorem, which proves that in order for P*(x) not to be
the whole space, extremely restrictive conditions must be met on the ‘“frontier”
(or boundary) of P*(x). Section 4 interprets the results of Section 3 when utility
functions are differentiable, and majority rule is in effect. It is proven that the main
theorem then implies that for P*(x) not to be the whole space, an extremely strong
symmetry condition on the gradients of individual utility functions must be met at
all points on the boundary of P*(x). From this result one can see that the
conditions would virtually always fail in any space of dimensionality greater than
two. It also follows from this that the path can generally be chosen to follow any
route desired. The final section discusses implications of these results, and gives
some concluding remarks. The Appendix contains statements and proofs of a
series of Lemmas used in the paper.

2. NOTATION AND DEFINITIONS

We assume a set of voters, N ={1, 2, ..., n}, an alternative space X, which can
be any topological space, although for illustrations we will assume X < R™, and
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1088 R. D. McKELVEY

we let @ denote the set of binary relations over X. Foreachie N, welet @; < &, be
the set of possible preference relations for voter i and we set @ =T1,.nO; to be the
set of preference profiles over X. Elements of @ are written R =(R4, ..., R,),
R'=(R},...,R}), etc. For any binary relation R € @, we define two derived
relations P, I € ® by xPy <= (xRy and ~yRx), and xIy &< (xRy and yRx).
Thus, for any R; € @, the associated relations are written P;, I. For convenience,
we will also define a relation Q by xQy <= yPx, with similar definitions of Q; for
individual voters.

A social welfare function is any function f: @ - 0, which associates with each
preference profile R € 0, a relation R = f(R)=f(Rj, ..., R,) € 0. In this paper,
we will consider only a special class of social welfare functions, namely those
which are generated from strong simple games. To formalize this, any C < N is
called a coalition, with |C| denoting the number of members of C. For any C < N,
and x, y € X, we write xP.y <= xPy for all i C. We let W = 2" be any set of
coalitions satisfying the following properties:

(2.1a) (Monotonicity) If C = C’,and C € W, then C'e W.
(2.1b)  (Strong and Proper) Ce W& N -Cg W.

Given any set of coalitions, W, satisfying (a) and (b) above, we can define a social
welfare function Rw = fw (R) as follows: For any x, y € X,

(2.2) xPyy & xPcyforsome Ce W,
xRyy &> ~(yPwx).

The class of social welfare functions so generated (i.e., generated by a set of
coalitions W satisfying (a) and (b)) will be denoted %. Henceforth, we will only be
concerned with social welfare functions in %. (In general, we will drop the
subscripts on Ry and Py, writing R and P for the social relations.) Note that if n is
odd, majority rule is in &%, where majority rule is defined by setting W =M =
{C = N||C|>n/2}. If n is even, then majority rule does not satisfy property 2.
However, modifications of majority rule, which break ties using a chairman’s
preference, would be in #. In general, any weighted voting scheme, or represen-
tative system (which also breaks ties when all voters have strict preferences), will
be in &.
Now, for any y, z € X, we use the notation

(2.3) C,.={jeN|yP;z}

to represent the set of voters who prefer y to z. For any C < N, we say voter i is
pivotal for C if C¢ W and C u{i}€ W. Then we have the following:

DEFINITION 1: Let y, z € X, and i € N. Then i/ is said to be a dummy voter with
respect to y and xif, for any C < N —{i} with

Cv‘z _{l}(—: CgN—Cz.yy
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VOTING MODELS 1089

it is not the case that i is pivotal for C, i.e.,
Culile W=>CeW.

If i is not a dummy voter, he is said to be critical between y and z. In this case,
there is a C < N —{i} with C,,—{i}c C=N—-C,, such that Cu{i}e W and
Ce W.

Thus, a voter is a dummy voter if, no matter how the indifferent votes are cast,
the voter has no chance of affecting the outcome. A critical voter, on the other
hand, is a voter whose vote is worth something, in the sense that there is some
reassignment of preferences to the indifferent voters such that the voter in
question becomes pivotal.

DEeFINITION 2: Let vy, z € X, and /, j € N; then voter / is said to be as strong as
voter j between y and z if, for every C = N —{i, j} with

Cv‘z —{i, j}gCEN-Cz,v’
Jj pivotal for C = i pivotal for C, i.e.,
Cu{jle W=> CulileW.

Note that if yI;z and yl;z, then if voter j is not a dummy voter between y and z,
and voter i is as strong as voter j, then 7 is not a dummy voter between y and z.

Now forany S < X, welet S Y denote the interior of S, S denote the closure of S,
S denote the complement of S, and B(S) denote the boundary of S (i.e.,
B(S) =8N (5%). Then, we define the frontier of S, F(S), as

2.4)  F(8)=8)n(S).

All of these definitions are in the topology on X. Note that for any $ < X; F(S) and
B(S) are always closed sets, with F(S)< B(S). The frontier of a set S, then, is
simply a subset of the boundary of S, consisting of all points that are arbitrarily
close to the interior of S and the interior of its complement. See Figure 2.1 for an
illustration when S < X = R”. In this figure S includes the line protruding from the

>~ F(S) (heavy line)

FIGURE 2.1—Illustration of B(S) and F(S) (S includes protruding line and intruding line).
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1090 R. D. McKELVEY

main body of S, but does not include the line going in. The frontier of S consists
only of the heavy line around S, while the boundary also includes the protruding
and intruding lines.

Next, we define, for any binary relation R € ® and x € X, a correspondence
R': X -2% by

(2.5  R'(x)=R(x)={y e X|yRx},
R'(x)={y e X|yRz forsome z e R' '(x)},

and
R*x)=J R'(x).
i=1

Thus, R'(x) is the set of points in X which can be reached in J steps, via the
relation R, starting at x. R*(x) is the set of points which can be reached in some
finite number of steps via the relation R (orin 1step via therelation R * where R*
is the transitive closure of R). If R = f(R), where f € %, and P and I are associated
strong and equivalence relations, then R (x), P'(x), and I'(x) are the sets of points
which can be reached in j steps via R, P, and I, respectively. Similarly, R!(x),
Pi(x), and I!(x) are the sets of points that can be reached in j steps via the
individual relations R,, P;, and I. Note that if the relation R; is transitive, that
RI(x)=R{(x) for all j, k, so in this case R;(x)= R} (x).

3. THE MAIN RESULTS

The main object of interest in this paper is the set P*(x). This is the set of points
which are reachable, by some finite path, via the social relation, P. In other words,
for any point y € P*(x), there is an integer K >0 and a sequence {6}/, with
6o =x, 0k = y,and 0:P9;_, for all 1 << K. We want to determine how big P*(x) s,
for arbitrary x € X. In order to investigate this question, we do not investigate it
directly, but rather look at properties that are satisfied on the frontier of P*(x). It
will be shown that in general, very restrictive conditions must be met on F(P*(x)).
For many social choice functions—in particular for majority rule—the conditions
that must be satisfied on F(P*(x)) are so restrictive as to imply that the frontier
will be empty. But if X is connected, F(P*(x)) = J implies (via Lemma 5 of the.
Appendix), that either P*(x)= & or P*(x) = X. The first possibility corresponds
to the case where x is a core point (i.e., yPx for no y € X), and it is known from
Plott’s theorem [17] that the conditions for a core point are unlikely to be met in
practice. This leaves the remaining possibility, namely P*(x) = X as the situation
that would be expected in general. Of course P*(x) = X implies that virtually any
point in the entire space is reachable from x.

Thus, the question of the size of P*(x) reduces to the question of the existence
of its frontier. If F(P*(x)) = J, we can conclude that almost any pointin X can be
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VOTING MODELS 1091

reached from x. The rest of this paper, then, will be devoted to studying the
frontier of P*(x). This section studies the *‘global” properties of F(P*(x)), while
Section 4 looks at the local properties of F(P*(x)).

Throughout the remainder of the paper, we assume that each individual has a
continuous utility representation of his preferences, and that he has no ‘“‘flat
spots,” or regions of indifference in his preferences. Formally, we make the
following two assumptions.

AssUMPTION 1: For each i€ N, there is a continuous function u;: X » R,
satisfying, for all x, y € X, u;(x) = u;(y) &< xR,y.

AssUMPTION 2: For each ie N, and all y € X, (Ii(y))" ={x e X|xI,y}’ = &.

It should be noted that although Assumption 2 explicitly makes restrictions
only on individual preferences, it also implicitly puts some restrictions on X.

For example, X could not be a finite alternative set, for then it follows from
Assumption 1 that regardless of the topology on X, that I;(y) is open,® hence
(I:(y))° # &. Similarly, if X <R™, and R™ has the usual topology, then X can
contain no isolated points, for if y € X is an isolated point, then in the relative
topology on X, y € (I;(y))”.

With the above two assumptions, a number of results about the properties of
preference sets for individuals and for the social relation can be proven. These are
formally stated and proven in Lemmas 2—-4 of the Appendix. Using these results,
we prove the following theorem which gives conditions that must be satisfied by
the set P*(x).

THEOREM 1: If each voter satisfies Assumption 1, then for any x € X, and all
y € B(P*(x)),

P(y)< P*(x)< R(y).

If all voters also satisfy Assumption 2, then
P(y)=P*(x).

It follows that F(P(y)) = F(P*(x)).

PrOOF: First we deal with the case when only Assumption 1 is met and prove
P(y)< P*(x). Assume the contrary. Then, we set G = P(y) — P*(x). Since P(y) is
open (by Lemma 4a), it follows that G is open and non-empty, and P(y) NG # J.
Thus, by lower semi-continuity of P(x) (Lemma 4b), there is a neighborhood
N(y) of y such that for all zeN(y), P(z)n G # . But since y € B(P*(x)),
it follows that N(y)nP*(x)# . Hence, pick z¥*e N(y)nP*(x). Then since

2 By the definition of continuity, the inverse image of every open setis open. Hence, since X is finite,
we can find a small enough open neighborhood B € R around u;(y) such that

u; ' (B)=L(y).
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1092 R. D. McKELVEY

Pz*)nG # O, pick w*e P(z¥)n G. Now z* € P*(x) and since w* ¢ P(z¥), it
follows that w* e P*(x). This is a contradiction since w* € G, and G n P*(x)= .
So, we must have P(y)< P*(x).

Now, to prove P*(x)< R(y) it suffices to prove P*(x) < R(y), since R(y) is
closed (that R (y) is closed follows from Lemma 3a, since R(y) =(Q(y))‘,and Q(y)
is open). We assume it is not the case that P*(x) = R(y). Then let z € P*(x) with
z€ R(y). It follows that yPz = y € P*(x). But this is a contradiction since by
assumption, y € B(P*(x)), and since P*(x) is open, y& P*(x). Thus, P*(x) = R(y),
and we are done with the first part of the theorem.

Now, we assume all u; satisfy Assumption 2 and prove P(y)= P*(x). Since
P(y)< P*(x) from the above proof, it follows that P(y) < P*(x). Hence we need
only show that P*(x) < P(y). In fact it is sufficient to show P*(x) < P(y). To show
this, assume z € P*(x) and z€ P(y). Then z¢ P(y) > z&€ P(y) > z€ Q(y)or z €
I(y). But z € Q(y) is impossible, since yPz and z € P*(x) implies y € P*(x), a
contradiction, so we must have z € I(y). But then by Lemma 3b, it follows that
either z € P(y) or z € Q(y). By assumption, the former does not hold, so z € Q—(y—)
Hence, in any neighborhood of z, we can find a point z* € Q(y). Since P*(x) is
open (by Lemma 4a), and z € P*(x), we can pick z*€ Q(y)n P*(x). In other
words, yPz*, with z* € P*(x). It follows that y € P*(x). However, again this is a
contradiction, since by assumption that y € B(P*(x)), it follows that y& P*(x).
Hence z € P(y), and P(y) = P*(x). Q.E.D.

Thus, under Assumptions 1 and 2, Theorem 1 shows that it must be the case that
for any point, y, on the boundary of P*(x), the set of points which can be reached in
one step from y must coincide with P*(x), with the possible exception of points of
closure.

This result implies restrictions on individual utility functions at frontier points
of P*(x), which will be the subject of the next theorem. To obtain these
implications, we first need an additional assumption.

AssUMPTION 3 (Diversity of Preferences): For all open S € X, y € F(S), and i,
je N, I:(y) » I;(y) has no interior in the relative topology on F(S).

This assumption guarantees that no two voters have preferences whose
indifference contours exactly coincide locally. To understand the assumption,
consider the case when X < R™. Then for an openset S < X, F(S) can be thought
of as defining an arbitrary n — 1 dimensional manifold in X. The assumption then
states that no two voters can have indifference contours which coincide on any
open subset of such a manifold. Note that this does not preclude two indifference
contours from crossing or being tangent at a point.

Assumption 3 would be met if all voters had “Euclidian” preferences (i.e.,
preferences based on Euclidian distance from some “‘ideal point™), as long as the
ideal points of all voters were distinct. Also, as Cohen [3] proves, the assumption is
met if all voters have “elliptical” preferences as long as no two voters’ preferences
are exactly the same over the entire space X. Finally note that Assumption 3
implies Assumption 2, so that Assumption 2 is redundant, given Assumption 3.
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VOTING MODELS 1093

In the following theorem, we are concerned with a particular subset of an
individual’s indifference set, which we call the ‘“indifference frontier.” Forany i e N
and y € X, we define the indifference frontier IF;(y) for voter i through y by

(B.1)  IFi(y)=F(Pi(y))nF(Qi(y)).
Under Assumptions 1 and 2, it follows (by Lemma 2c of the Appendix) that
(3.2)  IE(y)=F(P{(y)) =F(Qi(y)) = L(y).

Thus, the indifference frontier of voter i through y is a subset of the indifference
contour of voter i/ through y, which coincides, under our assumptions, with the
frontier of the set of points he prefers to y.

Further, for any x € X, we let Y, = F(P*(x)), and we use the notation P, = P,/ Y,
to denote the relation P; restricted to Y,. éi is defined similarly. We then define
the indifference frontier relative to Y,, for voter i e N, and y € Y, by

(3.3)  IF(y)=F(P(y)) nF(Oi(y))

where the frontiers are defined in the relative topology on Y,. It will follow from
Assumptions 1-3 together with part 1 of the following theorem that for all but one
voter, say voter j, Assumptions 1 and 2 are satisfied on F(P*(x)), while voter j is
indifferent between all points in F(P*(x)). Hence, as above, we can write, for all
ieN,

(3.4)  IE(y)=F(P.(y))=F(Qiy)).

The set IF,(y) can be thought of as voter /s indifference frontier through y
relative to his preferences on F(P*(x)). Equivalently, it can be thought of as the
set of points where individual /’s indifference frontier crosses F(P*(x)).

With these definitions and assumptions, we can now prove the main theorem of
this paper.

THEOREM 2: Assume all voters satisfy Assumptions 1 and 2 and 3, and let
xeX; then:

(i) There is some j € N, such that for all y € F(P*(x)), F(P*(x)) < IFi(y) < I;(y).

(ii) Let y, z € F(P*(x)), and z ELF,-(y) for some i € N —{j}. Then (a) if i is nota
dummy voter with respecttoy and z, 3k € N —{i, j} wz;th z el (y);(b)ifiisasstrong
as | with respect to y and z, 3k € N —{i, j} with z € IF, (y).

PrOOF: We prove (i) first. The result is trivially true if F(P*(x)) = J, so assume
F(P*(x)) # &. By Theorem 1, Lemma 3c, and Lemma 3d, it follows that for any
y € F(P*(x)),

(3.5) F(P*(X))=F(P(y))§1(y)§LIJVL(Y).

We define, for any y € F(P*(x)),
(3.6) Vily)=F(P*(x)) n Li(y).
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1094 R. D. McKELVEY
Thus,

(3.7) L])V‘/i()’):E(P*(x))-
Further, since each I;(y) is closed, it follows that each V;(y) is closed in the relative
topology on F(P*(x)).

We first want to show that for any y,€ F(P*(x)), V;(yo) = F(P*(x)) for some
j€ N. Clearly F(P*(x)) has a relative interior, since F(P*(x)) is non-empty and
open in the relative topology on F(P*(x)). So, from (3.7) and Lemma1, it follows
that some V;(yo) must have an interior in the relative topology on F(P*(x)). We
assume, without loss of generality, that V;(yo) has a non-empty interior. We will
then show that V;(y,) = F(P*(x)). To show this, we construct a sequence of
alternatives, y;, ..., y, € F(P*(x)), and a sequence of subsets Wi,..., W, <
F(P*(x)) as follows:

(3.8)  Wi=Vj(yo).
Then, if W, has a non-empty interior, we construct y, and W, as follows:
(3.9 yi € Wi,

Wier= Wi =U Vilyo).

P#]
If W, has a non-empty interior, it follows that W, ,, has a non-empty interior.
To see this, we note first that y, € W, € W, = V,(yo). But by transitivity of
I, Vi(yx) = Vi(yo). Thus, W, < V,(y,) and we can rewrite W, as

(3.10) Wi = Wi —U (Vilyi) 0 Vi(yi)

i#j
= Wk '—A

where A={J;.;A; and A; = Vi(yi) n Vi(y). Clearly, each A; is closed in the
relative topology on F(P*(x)), and by Assumption 3, it follows that each A; has no
interior. Thus, A is closed, and by Lemma 1, has no interior. But now, since W,
has a non-empty interior, there is a non-empty open set B < W,. Since we cannot
have B < A, it follows that C = B — A is non-empty and open and C € W, .. Thus
Wi+ has a non-empty interior, as we wished to show. Hence, by induction, it
follows that we can construct a sequence of alternatives yy, . . ., y, € F(P*(x)) and
of sets Wy, ..., W, € F(P*(x)) satisfying (3.9) for all k € N.

It is easily verified that for any r, 5, k € N with k # j, and r # s, the following two
properties are satisfied:

(3.11) Vily,) N Villy) =0
and
(3.12) _LIJVW()’,)=_L])VV.-(Y\-)=E(P*(X)).
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VOTING MODELS 1095

The second property follows directly from (3.7). To see that the first property is
satisfied, assume, without loss of generality, that r>s. Then y,e W, W, =
W, = Ui-; Vilys) = y.2 Vi(y,). Thus, by transitivity of I, we get (3.11).

Now to show that V;(y,) = F(P*(x)), we assume this is not the case. Then
F(P*(x))— Vi(yo) # &,sowe pick y* € F(P*(x))— Vi(yo)- By (3.12) it follows that
for each re N there is a k, € N —{j} such that

(3.13)  y*e Vi (y,).
But, then for some r,se N, k, = k;; i.e.,
(3.14)  y*e Vi (y,)n Vi (ys).

But this is a contradiction to (3.11), hence F(P*(x))— Vi(yo) = & = F(P*(x)) =
Vi(yo) as we wished to show.

It follows that F(P*(x))< I;(y), for some je N. Now, we must show that
F(P*(x)) < IFj(y) < I;(y). That IF;(y)< I;(y) follows directly from Lemma 2c.
Now if it is not the case that F(P*(x)) < IFj(y), then F(P*(x))— IFj(y) is non-
empty and open in the relative topology on F(P*(x)). But by Lemma 3e
F(P*(x)) € Uien F(Pi(y)) =Uien IF(y). It follows that for some i # j, IF;(y) has
an interior in the relative topology on F(P*(y)). But then (I;(y) n I;(y)) also has an
interior in the relative topology on F(P*(x)), a contradiction to Assumption 3.
Thus we must have F(P*(x))< F(P;(y))< I;(y), and (i) is proven.

To prove (ii)(a), let y, z € F(P*(x)), and assume i € N —{j} is not a dummy voter
withrespectto y and z,and let z € [_F,(y). Assume the consequence of ii(a) is false.
Then pick an open neighborhood N (z) of z such that, for all k& {i, j}, either

(3.15) N(z)S Ply) or N(z)< Oly).
Since z € [:E(y), it follows that the following two sets are non-empty:
(3.16) A;=F(P*(x))nPi(y)nN(z),

A, =F(P*(x))n Qi(y) AN (2).

Sopick w, € Aj,and w> € A,. Since wy, wo € F(P*(x)),and F(P*(x)) = F(P(y)) <
I(y) (by Theorem 1 and Lemma 3¢), it follows that w; € P(y) and w,> & Q(y). Thus,
it follows that

3.17y Cu,v#¢W and C,,,2W,

ie., C.,uli}¢ Wand C, . u{i}¢ W, which implies, via (2.1b),
(3.18) C.,u{jte W.

But, since the game is strong, we have

(319) Cz.y = Cz.y _{I}E W’ and Cz.y U{I}E ‘:V,
C.,u{jt=C.yu{jt—{ite W, and

Coyu{tu{ite w.

And since voters i and j are the only voters who do not hold strong preferences
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1096 R. D. McKELVEY

between y and z, it follows that voter / is a dummy voter with respect to y and z.
Hence, we have a contradiction, and it follows that z € I, (y) for some k£ {i, j} so
ii(a) is proven.

Now to proveii(b), let y, z € F(P*(x)), with z € LE(y) fori e N —{j}, and assume
i is as strong as j with respect to y and z. Then assume zg IF (y) for all
k € N —{i, j}. Then there is a neighborhood N (z) of z such that N(z) n E‘k()’) =
for all k e N —{i, j}. It follows that each of the following sets is nonempty:

(3.20) Ai=N@E@)nQi(y)nFP*x)- U Ly,

keN—{ij}
A:=NG) PO NEE )= U L)

This follows because the sets N(z)nQ;(y)nF(P*(x)) and N(z)nPi(y)n
F(P*(x)) are both non-empty (since z € IF(y)) and open in the relative topology
on F(P*(x)). But then letting A = A, U A, it follows by construction that for all
ke N—{i,j} that A< P.(y) or A< Qi(y). Now pick w;€A,, wo€ A,; since
wie F(P*(x))c F(P(y))= I(y) and w, € F(P*(x)) < I(y), it follows that

(321) Cu W and C.,,eW.

By construction C,, , = C.,., U{i}. Further, C,, , u{j} =N — C.,.,, so, since Wis
generated by a strong game, C,,, u{j}€ W. Setting C = C.,,,,, we have shown

(3.22) Cu{i}gW, but Cu{jleW

where C,, —{i,j} = C,, < C =< N —C, .. In other words, it is not the case that / is as
strong as j with respect to y and z, which is a contradiction. Hence, z € IF,(y) for
some ke N —{i, j}. Q.E.D.

For the case when R = f(R) is generated by majority rule, condition (ii) of the
above theorem can be simplified, as in this case all voters are as strong as j. We thus
get the following corollary to Theorem 2 for majority rule.

CoRrOLLARY 1: Assume all voters satisfy Assumptions 1, 2, and 3, assume
R = f(R) is generated by majority rule, with n odd, and iet x € X ; then:
(i) there is some j € N such that for all y € F(P*(x))

F(P*(x)) = IF;(y) = Li(y);
(i1) for all y € F(P*(x)), and all i € N,
Fy)e U IEdy).

keN—{if}

Proor: This follows directly from Theorem 2 with the observation that if
R = f(R) is generated by majority rule, then forany y, z € X, and i, j € N, voter i is
as strong as voter j. This is true because for any C = N —{i, j}, |C u{j}| =|C L {i}],
hence C u{jle W Cufile W. Q.E.D.
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VOTING MODELS 1097

We now interpret the above theorem and corollary. The conditions (i) and (ii) of
the theorem give conditions that must be met by all points on the frontier of P*(x).
Condition (i) requires that the frontier of P*(x) must be a subset of an indifference
contour for some voter. In other words, there is one voter, who we label voter j,
who is indifferent between all points on F(P*(x)). Condition (ii) (a) of the theorem
says that for any other voter, say voter i, if his indifference curve through a point
y € F(P*(x)) crosses F(P*(x)) at z, then as long as he is not a dummy voter
between y and z, there must be another voter, say voter k, whose indifference set
through y also passes through z. Condition (ii) (b) is simply a modification of (ii)
(a), which guarantees that if voter i is as strong as j, then voter k’s indifference
contour must also cross F(P*(x)) at z. Note that for majority rule, all voters are as
strong as J, hence condition (ii) of the corollary requires that for any voter i € N, if
voter s indifference frontier through y crosses through a point z € F(P*(x)), then
there must be at least one other voter whose indifference contour through y also
crosses through z.

In order to illustrate the above results, we distinguish three possible cases:

Case I: F(P*(x))= .

Case II: F(P*(x))# &, but IF,(y)<{y}forallieN, yeF(P*(x)).
Case III: F(P*(x))# & and IFi(y)—{y}# @ for some y € F(P*(x)), i € N.

The first case is the case when the frontier of P*(x) is empty and, as we shall see,
is the situation we would expect in general. In Case 11, the frontier of P*(x) is not
empty, but each individual indifference frontier crosses F(P*(x)) at most once.
Finally, in Case III, F(P*(x)) is not empty, and at least one voter has an
indifference frontier that crosses F(P*(x)) in at least two points.

Now in Case I, when F(P*(x)) = &, both conditions (i) and (ii) of the corollary
(also of the theorem) are met vacuously. In Case II, condition (ii) of the corollary
(theorem) is met vacuously, although condition (i) is not. An illustration of this
case when X < R?>and n =3 is given in Figure 3.1. Here , the frontier of P*(x)
must coincide with one voter’s indifference frontier, and all indifference frontiers
for all other voters can cross this frontier only once. Note that Case II can only
occur with particular types of preferences, when dimension of the space is small.
For example, if X = R™, with m =2, and P;(x) is bounded for all i € N, x € X then
Case II could not occur. Further, Case II can only occur if m < 2. Specifically, for
m =3, then F(P*(x)) would generally be an m — 1 dimepsional manifold, and at
“almost all” points y € F(P*(x)), if LAEk(y) # (J, then IF(y) would have to also
contain points z # y arbitrarily close to y, which precludes Case II from occurring.

Finally, in Case III, neither conditions (i) or (ii) of the theorem and corollary are
satisfied vacuously, and here the conditions imply severe restrictions on individual
preferences. An illustration of this case is given in Figure 3.2. Again, the frontier
of P*(x) coincides with one voter’s indifference frontier, in this case that of voter
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1098 R. D. McKELVEY

Indifference curves
for voter 3

Indifference curves for voter 2

FIGURE 3.1—Illustration of Case II.

1. But now, since voter 2’s indifference frontier through y also passes through the
point z € F(P*(x)), it follows, by condition (ii), that if voter 2 is not a dummy voter
between y and z, there must be another voter (in this case voter 4) whose
indifference frontier through y also passes through z. The same type of coin-
cidence of indifference frontiers must occur for any other voters whose

FIGURE 3.2—Illustration of Case III.
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VOTING MODELS 1099

indifference frontiers cross through F(P*(x)) and who are not dummy voters.’
Note that the figure illustrates condition (ii) for only one y € F(P*(x)). It should be
kept in mind that condition (ii) implies that similar restrictions must be satisfied for
all y € F(P*(x)). Specifically, because of continuity of preferences (Assumption
1), if IF;(y) crosses F(P*(x)) at one point z # y, then there is a neighborhood N(y)
of y such that for any y € N(y) n F(P*(x)), IF.(§) crosses F(P*(x)) at a point
Z #7y. Voter k’s indifference frontier must be able to be paired with another
voter’s indifference frontier for all such y. In Case III, then, either there must be
one ‘“‘strong” voter with an indifference frontier that coincides with F(P*(x)), and
all other voters whose indifference curves cross F(P*(x)) must be dummy voters
with respect to any distinct points where they cross, or some voter must have an
indifference frontier that crosses F(P*(x)) at two distinct points such that he is not
a dummy voter between these points. The first situation, in which there is one
strong voter, could arise for general social choice rules. It is obviously precluded by
majority rule, and here we would always have the second situation. From the
above discussion, we see that this implies severe restrictions on individual
preferences, which one would not expect to be met in practice.

Summarizing, we have shown that for X < R™, we would usaally expect
F(P*(x)) = & unless there is one ‘“‘strong voter,” j, with an indifference contour
coinciding with F(P*(x)) or unless all voters’ indifference contours cross F(P*(x))
at most once. The latter case can only occur if m <2, and preferences take a
special form over X. With these exceptions, we would always expect F(P*(x)) = &
unless extremely strong ‘‘symmetry” restrictions on individual utility functions
are met at almost all points in F(P*(x)). It follows from the comments at the
beginning of this section that if X is connected and x is not a core point, that
P*x)=X.

The results for general continuous utility functions, then, seem to resemble
quite closely those that hold for Euclidian preferences. In general, if X is
connected, and x € X, P(x) = X, and hence it is possible under the social relation to
find a path which begins at x and ends arbitrarily close to any point in the space,
even Pareto dominated ones.

Finally, before proceeding, it should be noted that in Theorem 2 and Corollary
1, the choice of X is arbitrary. Thus, for any X < R™, if X is connected and the
Assumptions 1-3 are met in the relative topology on X, then we can expect global
cycles in X unless the restrictions implied under Case II or III are met. Of course,
because of the severity of the conditions of Theorem 2, it is possible that the set X
might be chosen in several ways, each of which would lead to global cycles. Thus,
by the choice of X there is some control over the path that will be taken from x to
y. For example, we could force the path to avoid certain alternatives by eliminat-
ing them from X.

® The theorem and corollary do not imply that the indifference frontiers must be paired in a 1-1
fashion, as drawn in the illustration (i.e., they do not prevent three voter’s indifference frontiers from
passing through the point z). However, for majority rule it can be shown that the above pairing is, in
fact, 1-1. Further it can be shown that given any voter i € N —{;}, F(P*(x)) can be partitioned into sets

such that within each set, there is a voter k € N —{}, i} whose preferences on F(P*(x)) are essentially
opposite to those of voter i. A future paper will report on this.
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1100 R. D. McKELVEY

4. LOCAL PROPERTIES OF F(P*(x))

This section formalizes some of the comments of the previous section by
looking at local properties of individual utility functions at points on F(P*(x)). We
look only at majority rule, with n odd, in this section, and introduce the additional
assumption that utility functions are everywhere differentiable. We then get a
restatement of Theorem 2 in terms of individual utility gradients at points on
F(P*(x)). It is shown that if F(P*(x))# &, that an extremely strong symmetry
condition on individual gradients must be met at all points in F(P*(x)). We call
this condition the ‘‘joint symmetry” condition. The condition is a natural
extension of Plott’s conditions for the existence of a core point, and is such that if
X < R™, with m =3, one would not, in general, expect it to be met. It is also shown
that this condition is a necessary condition for transitivity of the majority relation
in X. In other words, for P to be transitive on X, the joint symmetry condition
must be met at all points x € X. On the other hand, with arbitrary preferences on
R™, with m =3, one would expect the condition to be violated almost everywhere
in R™. It follows that the existence of global intransitivities in X is almost
independent of the choice of X. From this result it follows that not only will there
generally be a majority path between any two points x and y, but the path can
generally be chosen to be arbitrarily close to any pre-selected curve connecting
the two points.

We make the following additional assumption.

ASSUMPTION 4: For all i € N, u; is continuously differentiable on X.
We then define the joint symmetry condition.

DEFINITION: The set A ={ay, ..., a,} = R is said to be jointly symmetric with
respect to j if, for all a; € A —{a;}, Ja, € A —{aj, a;} such that {«a,, a;, ay} are
linearly dependent. The set A is jointly symmetric if for some j e N, it is jointly
symmetric with respect to j.

The condition of joint symmetry requires, then, that there be some dis-
tinguished vector «; € A such that for all the remaining vectors a; € A there is at
least one additional vector in the space spanned by «; and «;. It should be noted
that with respect to the usual product topology on (R™)" for m =3, the set of
points where the joint symmetry condition is violated is an open, dense set in
(R™)". Hence the condition is generically violated if m =3.

Now for any y € X, we can set

4.1)  A@Wy)={Vui(y), Vuz(y), ..., Vu.(y)}.

So A(y) represents the collection of gradients at any point y € X. We now prove
the following extension of Theorem 2, which proves that if P*(x) has a non-empty
frontier, every point in this frontier must satisfy the joint symmetry condition:
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THEOREM 3: Assume n odd, R is majority rule, all voters satisfy Assumptions 1,
2, 3, and 4, and X < R™ is open. Then 3j€ N such that, for all x€ X and
y € F(P*(x)), A(y) is jointly symmetric with respect to |.

ProoOF: By Corollary 2, for some voter je€ N and all y € F(P*(x)), F(P*(x)) =
IF;(y). We will show that for all y € F(P*(x)), A(y) satisfies the joint symmetry
condition with respect to j. We assume, for some y € F'(P*(x)), that A(y) does not
satisfy joint symmetry with respect to j, and derive a contradiction to Corollary 1.

We write a; = Vu,(y) for all i e N, so A(y) ={a;|i € N}. Now, since joint sym-
metry is violated at y, it follows that for some i€ N, {aj, a; ai} is linearly
independent for all k € N —{i, j}. Thus, in particular, «; # 0, a; # 0, and «; # ca;
for any ¢ € R. So, by Lemmas 7 and 8, there is a neighborhood, say N(y) = X, of y
such that within this neighborhood, I;(y) coincides with IF;(y) and I;(y) coincides
with F(P*(x)). In other words

(4.2) N@y)nI(y)=N(y)nIF(y),
N(y)nI(y)=N(y)nIF;(y)=N(y)n F(P*(x)).

Further, since &; and y; are continuously differentiable, N (y) can be chosen so it
also satisfies the condition that for all w e N(y),

(4.3) Vu;(w) #0,
Vuj(w)#0,
Vu;(w)#cVu;(w) forany ceR.
Then, from (4.2) and Lemma 9, we have, for any w € N(y),
(4.4) wel(y)nli(y) > welFi(y)nF(P*(x))
> welF(y).

Now, to deri\ie a contradictiqn to Corollary 2, we must find a point w € F(P*(x))
such that w € IF,(y) and wg IF,(y) for any k € N —{j, k}. In light of (4.4), and
since IF,(y) < I (y), it suffices to find a point w* € N(y) such that

4.5) w¥*eI(y)nIL(y) and
w*e I (y) forallkeN—{j,i}.
We pick z € R™ such that
(4.6) zra; =z -a;=0 and
z o, #0

for all ke N —{j,i}. It is clear that we can find such a z, because for each
k e N—{j, i}, since {a), a;, a;} is linearly independent, we can pick z, € R™ such
that z, - aj =z, - @; =0, and z, - ax #0. (This can be done using the Graham
Schmidt procedure, so that z, corresponds to the third member of an orthogonal
basis generated by {«a;, a;, ax}.) Now, we can choose # € R for [ € N —{j, i} such
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1102 R. D. McKELVEY
that z = 2,c N, tiz; satisfies (4.6).

Further, set 8; = a;/||aj|l, and B8; = a;/||a.l|, and for any & >0, define
4.7)  D.={w|w=1z+a;B +aB; where |a;|<¢, |a;|<¢€}.

Now clearly D, is compact and convex, for all £ > 0. Further since the set of z
satisfying z - @, # 0 is an open set, it follows that we can pick & such that for all
weD,, w-a#0 for all ke N—{i, j}. Now, by Lemma 6, it follows that for all
k e N—{j, i}, we can find a t§ € R" such that for r <t%,

(4.8)  ax-z>0>y+1D, < P(y),

a, - z2<0>y+tD, < Qcly).
Also, for {I, k} ={j, i}, and |a| < e, define

(4.9) D*(l,a)={w e D.|w = z +aB, + aB, for some a, € R}.

It follows that for [ e€{j, i}, D*(l,¢) and D*(l, —¢) are compact subsets of D,
satisfying

(410) w-a;>0 forall weD*(e¢),

w-a;<0 forall weD*(l, —¢).
Thus, by Lemma 6, it follows that we can find a p* € R such that for t < p*,
(4.11)  y+tD*(, &)= Pi(y),

y +tD*(l, —e) = Qu(y).

Finally, since N(y) is a neighborhood of y, we can pick g* >0 such that for
t<q*,

(412) wey+tD, 2> weN(y).
Setting
* — : % % £ 3
(4.13) t kerlzllll(]i,j)(tk’p 7q )’
it follows that, for r <*, (4.8), (4.11), and (4.12) are satisfied.
Weset E=y+t*D,, E[ =y+t*D*(l,¢),and E; =y +t*D(l, —¢). Now, from
(4.8) it follows that for all k € N —{}, i}, either
(4.14) EcP(y) or Ec<Qly).
Thus, since Py (y), Q«(y), and I (y) are disjoint, it follows that
(4.15) EnL(y)=O
for all k e N —{j, i}. However, we must prove that

(4.16) Enl(y)nl(y)#J.
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To prove this, note first that, for [ € {j, i}, it follows from (4.11) that

(4.17) E[ < Py),
E; < Qy).

Now, setting £ * = te, any w € E can be writtén in the form
(4.18) w=(y+1*z)+bB;+bp:

where |b;| <e*, and |b;| < £*. So (4.17) can be rewritten as follows. For any w € E,
and [ e{i, j},

(4.19)  bi=e*>w(w)>wly),
b =—e*>uww)<ul(y).
But now, for any w € E, set
(4.20) T(w)=w+(max [min [u;(y)—uj(w), e*—b;], —e*—b;]) - B;
+(max [min [u;(y) —w;(w), * = b;], —e*—b:]) - B
T: E- E is a continuous mapping on a compact convex set, and hence by the
Brower fixed roint theorem, it follows that there is a fixed point, i.e., a point
w*ec E with T(w*)=w?*. But from (4.19) and (4.20), it is easily shown that

T(w*)=w*S uj(w*)=u(y) and w;(w*)=u;(y). Hence, we have shown exis-
tence of a point w* such that

4.21) w*eEnL(y)nL(y)
and by (4.15), for all k e N —{j, i},
(4.22)  w*gLJ(y).

But since E < N(y), w* satisfies (4.5), and we have a contradiction. Hence, it
follows that A(y) must satisfy the joint symmetry condition with respect to j, as we
wished to show. Q.E.D.

Theorem 3 can be thought of as a restatement of Corollary 1 in terms of the
local conditions that must be satisfied at frontier points of P*(x). As before, if
F(P*(x)) = O, then the theorem is satisfied vacuously. However, if F(P*(x)) # &,
then the joint symmetry condition must be met by the individual utility gradients
at all points y € F(P*(x)). The joint symmetry condition is a condition which, if
m =3, we would rarely, if ever, expect to be met even at just one point in X. A
fortiori, we would not expect it to be met at all frontier points. Thus we get a
further confirmation of the comments of the previous section for m = 3. Namely, if
m =3, and X < R™ is connected, we can virtually always expect, under majority
rule, that P*(x) =X for any x € X. '

It follows further that for the majority relation to be transitive on X, we must
have the joint symmetry condition met at all points in X. This is proven in the
following Corollary to Theorem 3. Here, for any S< X, and x € X, we let
P§(x) =UiZ1 Ps(x), where Ps(x) ={y € S|yPx}, and Ps(x) ={y € S|yPz for some
z eP’g_1 (x)}. So P¥(x) is the set of points within S that can be reached by the
majority relation.
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COROLLARY 2: If n is odd, R = f(R) is majority rule, and all voters satisfy
Assumptions 1, 2, 3, and 4, with X open, then a necessary condition for P to be
transitive on X is that A(y) be jointly symmetric for all y € X. Further, forany y € X,
if A(y) is not jointly symmetric, then there is a neighborhood N (y) of y such that, for
any z € N(y), PX,(z) =N(y).

PRrROOF: We first prove the second assertion. Assume for some y € X, A(y) is not
jointly symmetric. Then since each u; is continuously differentiable, it follows that
we can find a neighborhood N(y) of y (which we may choose to be connected)
such that for any z € N(y), and any i, j, k € N,

{Vui(y), Vu,(y), Vi (y)}linearly independent
> {Vui(z), Vu;(z), Vur(z)}inearly independent.

It follows that, for all ze N(y), A(z) is not jointly symmetric. But then, by
Theorem 3, E(P",i,(y)(z)) = for all ze N(y). But further, we cannot have
P, (z) = O since then, by Plott’s Theorem, the joint symmetry condition would
be satisfied. Hence, since P, (z) is open, and N (y) is connected, it follows from
Lemma 7 that we must have P, ,,(z) = N(y). Clearly, given any z € N(y), we can
construct a cycle from y to z and back again, so P is not transitive. Q.E.D.

We now consider the implications of the previous theorem and corollary. We
assume X is a connected subset of R"™, where m = 3. We define S(X) to be the set
of points in X where the joint symmetry condition is satisfied, and let V(X)=
X —8(X) be the set of points in X where the joint symmetry condition is violated.
From Assumptions 1-4 it follows that $(X) would generally be a closed set with
no interior. V(X') would then be an open, dense subset of X. Now, from Theorem
1, it follows that for any x € X, F(P*(x)) < S(X). But then it follows (see Lemma
5a) that unless $(X), the set of points where joint symmetry is satisfied, chops up
X into at least two disjoint open sets, we must have F(P*(x))= . Thus, a
sufficient condition for F(P*(x)) = J is that V(X) be a connected set.

A further implication of the above arguments is that we may frequently have
considerable latitude in choosing a majority path between two points. Thus, for
any X, < X, we have V(X,) =Xy V(X), and S(X,) = Xon S(X). So if we wish
to construct a majority path between x, y € X, we can restrict the path to any
subset X, of X such that x € X, y € X,, and such that V(X)) is connected. Thus,
the path between x and y can be forced to avoid certain alternatives, as in Figure
4.1, by choosing X, appropriately. In fact, it follows further that if C < X is any
simple curve connecting x and y such that C~$(X)= J, we can construct a
“continuous” majority path between x and y, each step of which is arbitrarily
close to C. To see this, note that by Corollary 2, it follows that given any z € C,
there is a neighborhood N (z) of z, such that N(z) < V(X). Hence, there will be
global intransitivities in N(z). Since C is compact, it follows there is a finite
subcover N(z1), N(z3), ..., N(zx)of C, with N(z;)"N(z;+1) # O for all i. There
are global intransitivities within each N(z;), which can be pieced together to form
a majority rule path from x to y. If each N(z) is chosen so that N(z)c<
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(X)

|»n

X~ Xg

FIGURE 4.1—Choice of X, to avoid certain alternatives.

¢ N(z,)

X= 2, Z,

FIGURE 4.2—Construction of majority path arbitrarily close to curve C.

{ylllz = yll< &}, it follows that the resulting path can be forced arbitrarily close to
C. See Figure 4.2 for an illustration.

Finally, it should be pointed out that even though we would seldom expect the
joint symmetry conditions to be met, even if they are met the conditions are very
fragile in the same sense that the Plott conditions for an equilibrium are fragile.
Namely, when the conditions are met they are vulnerable to misrepresentations or
minor perturbations of any one voter’s preferences. Specifically, if the joint
symmetry conditions are met at a point y € X, and no two voter’s gradients are
linear combinations of each other, it follows that for any k € N, there is a bogus
representation, say Vu, *(y) of Vi, (y), such that

AF(y)=(AQ) — {Vu (YD U {Vur(y)}

does not satisfy the joint symmetry conditions. This suggests that results similar to
those discussed in McKelvey [13] may hold more generally. Namely that regard-
less of other voter’s preferences, any one voter with complete information of
other voter’s preferences, control of the agenda, and the ability to cast his own
vote as he chooses can always construct majority paths to get anywhere in the
space.

In short, we have argued above that if X < R™ is connected, and m =3, the
joint symmetry condition is a severe restriction which at any given point in X we
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1106 R. D. McKELVEY

would expect to fail. We would certainly not expect it to be satisfied on large
subsets of X. Thus, in general, we would expect V (X)), the set of points where joint
symmetry is violated, to be a connected, dense subset of X. But then we have that
F(P*(x)) = implying that P*(x) = & or P*(x)= X. It follows that unless x is a
core point, we would generally expect to have naturally occurring majority paths
between x and virtually any other point in the space. Even in the rare instances
when there are not unlimited majority paths through the entire space, the
conditions preventing this state of affairs are fragile enough so that any one voter,
through misrepresentation of his own preferences, could give rise to this situation.

5. CONCLUSIONS

Despite the impact Arrow’s impossibility theorem has had on the study of social
choice, there still seems to be a tendency in much of the formal literature dealing
with majority rule over multidimensional policy spaces to view majority rule as a
fairly well defined notion, which will generally force the social outcome towards
“median” like alternatives. Even though it is known that intransitivities will
generally exist, a substantial literature has developed on the tacit assumption that
these intransitivities are confined to relatively limited areas of the space.

The above results have shown that majority rule is not well defined in the above
sense. Rather, the usual situation will be that majority paths exist between any
two points in the space. Even in the rare situations when this is not the case, the
restrictions implied on individual utility functions seem to be so severe that a
minor perturbation of any one voter’s preferences would be sufficient to give rise
to global intransitivities.

There are several implications of the above results. First, they seem to imply
that there are essentially unlimited possibilities for agenda manipulation. Any one
voter, with knowledge of other voter’s preferences, and the power to set the
agenda could, using binary, majority rule based procedures, arrive at any out-
come he wants to. See McKelvey [13] for further elaboration on this point.
Secondly, these results show the inadequacy of arriving at any useful social choice
functions using the notions of top cycle set or the transitive closure of majority
rule, as such methods will simply rank all alternatives as socially indifferent.
Finally, the results indicate that any attempts to construct positive descriptive
theory of political processes based on majority rule (or other social choice
functions satisfying the assumptions of this paper) must take account of particular
institutional features of these systems, as the social ordering by itself does not give
much theoretical leverage. Much work has already been done in this direction,
incorporating such institutional features as party competition [6, 11], sequential
voting under parliamentary rules [7,9, 15], structured and unstructured com-
mittee environments [8, 16], and agenda setters [18].

Carnegie-Mellor University
and
California Institute of Technology

Manuscript received March, 1977, final revision received October, 1978.
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APPENDIX

Here we prove some basic properties of the preference sets for the individual relations R; and the
social relation R = f(R). We first prove a general result, of which we will make frequent use.

LEMMA 1: Let Y be any topological space, and A< Y. If Ac| /-, A,, where each A; < Y is closed,
with no interior, then A has no interior.

PROOF: The proof is by induction on n. It is clearly true for n = 1. Assume, now, that the result is
true for n — 1, but not for n. So there is an open set B with

n—-1
@#BgA§<U A,.)uA,,.
i=1

Now if B< A,, then A, has an interior, which is a contradiction. Hence, we set
C=B-A,.

Now & # C = (/-1 A,),and C isopen, which is a contradiction to the induction hypothesis. Hence A
can have no interior. Q.E.D.

We now prove some general properties of the individual preference sets. Note first, that for any
complete binary relation R on X, that X is partitioned by P(x), Q(x), and I(x). For the individual
relations R;, under Assumptions 1 and 2, we have the following further results.

LEMMA 2: If Assumptions 1 and 2 are met, forli =(R;,...,R,)E 6, thenforallie N,and allx € X,
(a) P;i(x) and Q;(x) are open, and I;(x) is closed with no interior; (b) B(P;(x))u B(Q;(x))=I;(x); (c)
F(Pi(x)) = F(Qi(x)) € I;(x).

PROOF: That P;(x) and Q;(x) are open follows directly from Assumption 1, because
Pi(x)={y € X|u;(y)> u;(x)} = u; ' ({r € Rt > u;(x)}),
Qi(x) ={y e X|ui(x)> u(y)} = u; ' ({re Rlt < u;(x)}),

but since y; is continuous, the inverse image of every open set is open, hence P;(x) and Q;(x) are both
open. Next, since

Ii(x) = X = P;(x) = Qi(x),

it follows that I;(x) is closed. By Assumption 2, I;(x) has no interior.

Now, to prove (b), since I;(x) has no interior, it follows that any point I;(x) is an accumulation point
of P;(x) or Q;(x), i.e.,

Ii(x) = B(Pi(x)) u B(Qi(x)).

But further, since P;(x) and Q;(x) are both open, with P;(x) < (Q;(x)) and Q;(x) < (P:(x))", it follows
that B(P;(x)) € Ii(x) and B(Qi(x)) < [;(x), so B(P;(x)) u B(Q;(x)) < I;(x). Hence

Ii(x) = B(P;(x)) U B(Q;(x)).
To prove (c), we first prove that

Px)=[P(x) U L(0)]

and
Q:(x)=[Q:(x) U L(x)".

First, to prove P;(x) < [Pi(x) U I;(x)]°, pick y € P,(x), and let N(y) be an arbitrary neighborhood of y.
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1108 R. D. McKELVEY

Then since Pi(x) is open, Pi(x)=[P(x)]°, so N NP)ZTDINY) NP #=T >
N AP UL # D >ye[Px)ul(x)]’. To show [P(x)UL(x)PcPi(x), pick ye
[P:(x)u I:(x)]°, and let N(y) be an open neighborhood of y. Then N(y) n[Pi(x)u I;(x)]1® # &. So pick
zeN(y)n[Pi(x)UTL(x)]°. Since both N(y) and [P:(x)uI;(x)]° are open, we can find an open
neighborhood N(z) of z with N(z)< N(y) and N(z)g[Pi(x)uI,-(x)]OiN(z)gP,-(x)uIi(x). But
then we must have N (z) N P;(x) # &, otherwise N(z) < I;(x), a contradiction to Assumption 2, since
I;(x) has no interior. But since N(z) < N(y), it follows that N (y) n Pi(x) # & > y € P;(x), as we wished
to show. Thus we have proven that P;(x)=[P;(x)u L(x)T. The proof that Q;(x)=[Q;(x)u Li(x)] is
exactly equivalent.
Now to show F(P;(x)) = F(Q;(x)), we have, by the definition of the frontier of a set,

F(P.(x)) = (Pi(x)" A (P (x)))°
=P,(0)n(Qx) U L(x)°
=[P UL A Qx)
=((Q:x)))° A (Qi(x))°
= F(Qi(x)).
Finally, since F(P;(x)) < B(P;(x)), it follows from (b) that F(P;(x)) = F(Q;(x)) < I;(x). Q.E.D.

The next result proves that the properties of individual preference sets given in Lemma 1 are
inherited by the social relation. Also some relations between the individual and social preference sets
are proven.

LEMMA 3: If R = f(R), where f € %, and Assumptions 1 and 2 are met, then for any x € X, (a) P(x)
and Q(x) are open, and I(x) is closed with no interior; (b) B(P(x))uB(Q(x))=1(x); (c) F(P(x))=
F(Qx) = I(x); (d) I(x) cUien Ii(x); () F(P(x)) S Uien F(P;(x)).

PROOF: We prove (d) first. To prove (d), let yeI(x), and assume yé&| J;cn I;(x). Then let
C,={ieN|yePi(x)}, C={ie Nly € Q;(x)},and C;={i € N|y € I;(x)}. By Lemma 2a, C;, C,, and C;
partition N, since any i € N must be a member of one of the three sets. Further, since y&|_J7_; I;(x),
it follows that C3 = J. Thus C, = N — C,. Therefore, by (2.1b), it follows that either C,€ W or
C, € W. But, by construction yPc,x and xPc,y. Hence, by (2.2), C, € W = yPx and C, € W = xPy. So
in either case, y& I(x), a contradiction. Hence y € J/—, I;(x), and it follows that I(x) </~ L;(x).

We next prove (a). To see that P(x) and Q(x) are open, we note that since f € %, we can write P(x)
and Q(x) as follows:

P(x)= U M Pix)

CeW ieC

and

Q)= U M Qix).
CeW ieC

Since finite unions and intersections of open sets are open, it follows that P(x) and Q(x) are open. Since
I(x)=X — P(x)—Q(x), I(x) is closed. That I(x) has no interior follows directly from Lemma 1 and
Lemma 3d. From Lemma 3d it follows that I(x)<U;cn Ii(x), where each I;(x) is closed with no
interior. Hence by Lemma 1, I(x) has no interior.

The proofs of (b) and (c) follow exactly the pattern of the same proofs in Lemma 2, as the only
properties that were needed in that proof were that P;(x) and Q;(x) were open, and I;(x) was closed
with no interior. Since I(x), P(x), and Q(x) satisfy these same properties, the proofs go through
unchanged.

Finally, to show (e), we again argue by contradiction, and assume ye F(P(x)), with
y&Uicn F(P;(x)). It follows that we can find an open set B, with y € B such that for all i € N, either
BAP(x)=JorBnQi(x)=.WesetC,={ie N|BnP;(x)=B},and C, ={ie N|Bn Q;(x) = T}.
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Then C, and C, partition N, hence by (2.1b), either C, € W and C, ¢ W, or C; ¢ W and C, € W. In the
first case, by (2.1a), it follows that for any C < C,, C¢ W. Butforany z € B, {i € N|zPix} < C,. It follows
(by (2.2)) that we cannot have zPx. In other words, z£ P(x), for any z€ B, or BNnP(x)=J=>
y€ F(P(x)). Since F(P(x)) = F(Q(x)) (from Lemma 3(c)) it foliows that y& F(P(x)) in the second case
also. Thus, we have a contradiction, and hence we must have y e | J;cn F(P;(x)). Thus F(P(x))<
(Uien F(P;(x)), and (e) is proven. Q.E.D.

The fourth lemma proves some properties of the higher order preference sets P’(x) and P*(x) for
the social relation. We need a definition first. If I': X >2% isa correspondence on X, we say I is lower
semi-continuous if for every xoe X, and every open set G <X with G (xo)# J, there is a
neighborhood N(x) of x, such that x e N(xo)=>I'(x)n G # J. We now show that Pi(x) is lower
semi-continuous for all j, as is P*(x).

LEMMA 4: If R = f(R), where fe &, and Assumption 1 is met, then (a) forallxe Xandj=1, Pi(x)
and P*(x) are open sets; (b) for all j =1, P'(x) is lower semi continuous, as is P*(x).

PROOF: Lemma 3(a) proves that P(x_) =P'(x)is open. It should be noted that this proof depends
only on Assumption 1. To prove that P'(x) is open, note that
P)= U Py

yeP! 7 (x)

Since P/(x) is an infinite union of open sets, it is open. Next,
© .
P*(x)=J P'(x).
i=1

So P*(x) is also an infinite union of open sets and is open, and (a) is proven.

Now, to prove (b), we first prove P(x) = Pl(x) is lower semi-continuous. So let xo€ X, and let G = X
be open with G P'(xy)# . We must show there is a neighborhood N(x,) of xo such that
x€N(xo)DP(x)nG# . Solet y e G P'(x0), and set

N(xo)={xeXlyeP'(x)}=Q'(y).

From Lemma 2, N(x,) is open. Also N (x,) clearly contains x,. So N (x,) is a neighborhood of x,. Also,
for all x € N{xo), y € P*(x). Hence P'(x)n G # &, so P'(x) is lower semi-continuous.

To prove that P(x) is lower semi-continuous, it suffices to note that P’ is the composition product of
P'"! and P'. In other words, P'(x)=P' P'"'(x). Since the composition product of two lower
semi-continuous correspondences is lower semi-continuous [2, Theorem 1, p. 113], it follows by a
simple induction argument that P’(x) is lower semi-continuous, for all j.

Now P*(x)=UJjZ, P’/ (x) is the union of a family of lower semi-continuous mappings. It follows [2,
Theorem 2, p. 114] that P*(x) is lower semi-continuous. Q.E.D.

LEMMA 5: If X is any connected topological space, and S < X is open, then (a) X — F(S) connected =
FS)=J;b)FS) =0>S=ForS§=X.

PrROOF: To prove (a), assume X — F(S) is connected and that F(S)# J, say ye F(S). Then
by definition of F(S), it follows that ye S° and y e (S°)°. Let A=S°, B=(5)°, and C=F(S);
then it is easily verified that A° B°, and C partition X. Hence A° and B° partition X — C = X — F(S).
Further, both A° and B° are non-empty, since y € A, y € B, and both A and B are the closure of open
sets. But then X — F(S) is not connected, in contradiction to the assumption of the Lemma. Hence we
must have F(S)= .

Now, to prove (b), by the definition of F(S), F(S)=J &

(A1) SN =2.
But now if S is open, then

(A2) STUGSH =X,
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1110 R. D. McKELVEY

because if x& Eﬁ, then there is a neighborhood N (x) of x such that
Nx)~nS'=@>Nx)nS=0>xe(§)
> xe(s)"
But now since X is connected, it cannot be expressed as a disjoint union of two nonempty closed sets,
hence (A2) implies that s°= O or (S‘)E = . Butsince S isopen, $°= F>8 = F=>8= . On the
other hand (§°)°= 2 =(5°)°= . But then for any x € S°, and every neighborhood N(x) of x,

NXNS) #TSNE)NS#*D>x €S Since xe S>x e§', it follows that for all xe X, xe S. In
other words, § = X. Thus we have shown that either S = &J or § = X, as we wished to show. Q.E.D.

LEMMA 6: Let u;: X - R be continuously differentiableon X < R™, and lety € X°. Thenif Ac R™ is
compact, and z - Vu;(y)> 0 forall z € A then 3t* € R, with t* >0, such that forall 0<t<1t*,y+tA c
P, (y).Similarlyif z - Vu,(y) <O forall z € A, then 3r* € R” such that forall 0<t<t* y +tA< Q; (y).

PROOF: For any z € A, 3¢, € R, with ¢, >0, such that y + 1z € X and u;(y +1z) > u;(y) forall r <,
(See, e.g., Zangwill [25, Theorem 2.1, p. 24] for a proof of this.) In other words, y + 1z € P;(y). Butsince
P;(y) is open in the relative topology on X (by Lemma 2(a)), it follows that there is an oper
neighborhood, N(z), of z such that y + t(N(z)) € P;(y) whenever ¢t < t,. Now, by the Axiom of Choice,
for any z € A, we can find an open neighborhood N(z) of z, and a r, € R with t,>0 such that
y+t(N(z))< P;(y)fort<t,.Now {N(z)|z € A}is an open covering of A, hence, since A is compact, by
the Heine-Borel Theorem it follows that there is a finite subcovering, say {N(z;), ..., N(zx)}. Now
setting t¥ =min,<;<k I, it follows that if 7<*, for any z € A, then z € N(z;) for some 1</<K. In
other words, y+1, € P;(y) since t<y*<rt,. But, then, we have just shown that y+tAc P;(y)
whenever 1 < 1*, as we wished to show.

The proof of the second assertion of the theorem is exactly analogous to the above proof. Q.E.D.

LEMMA 7: Let X< R™, u;: X > R be continuously differentiable on X, and let y e X° satisfy
Vu,(y) #0. Then there is a neighborhood N (y) of y such that N(y) N I;(y)= N(y) N IFi(y).

PROOF: Since y; is continuously differentiable, and Vu;(y) # 0, we can find a neighborhood N (y) of
y such that Vi;(w)#0 for all we N(y). Now let we N(y)nI;(y). We let a;=Vu;(w), and set
B ={ze R™|||lz||<|lall/2}. Then we set

D'=a;+B,

D =-a;+B.

It follows that z - a; >0 forall ze D*, and z - a; <0 for all ze D™. Further D" and D™ are compact.
Thus, by Lemma 6, 3t* such that for t <r*, w+tD" c P,(w)= P;(y), and w+tD™ = Q;(w) = Qi(y).
Hence, w € IF(y), and we have shown N(y) n[;(y) = N(y) nIF;(y). The reverse inclusion is trivial.

Q.E.D.

LEMMA 8: Let Assumptions 1-4 hold forallie N, letx € X, and lety € X satisfy y € F(P*(x)). Then
if Vu;(y) # 0 for all i € N, there is a neighborhood, N(y) of y such that for some j € N,

N(y)nF(P*(x))=N(y)nL;(y)= N(y) N IF;(y).

PROOF: By Theorem 2, for some je N, F(P*(x)) < I;(y) < IF;(y). By Lemma 7 there is an open
neighborhood, N(y) of y such that N(y) n I;(y) = N(y) n IF;(y). Further, since Vu;(y) # 0, and ; is
continuously differentiable, we can pick N(y) so that

A=N(y)nPj(y) isconnected and
B=N(y)nQ;(y) isconnected.
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Further, since y € IF;(y), both A and B are non-empty. Now, from Theorem 2 and Lemma 7, we have
Ny)NF(P*(x))sNy)nLi(y) = N(y)nIF(y);

we must only show

(A.3) N(y)nIF(y) = N(y) n F(P*(x)).

Suppose, for some z € N(y), z € IF;(y) and z¢& F(P*(x)). Then it follows that

(A.4) N(y)—=F(P*(x)) is connected.

To see this, note that if N(y) — F(P*(x)) is not connected, then we can find two disjoint open sets, say C,
D < X such that

N(y)=F(P*(x))=CuD,

[N(y)=F(P*(x)]nC =,
and

[N(y)-F(P*(x))]nD # 2.

But then z € C or z € D. Assume without loss of generality that z € C. Then since z € IF;(y), and C is
open, itfollowsthat C " A # (J and C n B # J. Also, itfollows thateither DN A # JorDN B # .
Assume without loss of generality that D n A # J. Then

CnA#J,

DNnA#J,
and

AcCuD.

Thus A is not connected, a contradiction. Thus we have established N (y)— F(P*(x)) is connected. But
now by Lemma 5(a), N(y)—F(P*(x)) connected = N(y)n F(P*(x))= <, which contradicts the
assumption that y € F(P*(x)). Hence (A.3) is established, which proves the result. Q.E.D.

LEMMA 9: Let Assumptions 1-4 hold forallie N,letxe X,y € X° satisfy y € F(P*(x)), and assume
F(P*(x)) < Ii(y). Then if Vu;(y) # 0 and for some i € N —{j}, Vu;(y) # cVu;(y) forall c e R, there is a
neighborhood N (y) of y such that, for all we N(y),

wel(y)nL(y) > welF(y).

PROOF: We pick N (y) to satisfy Vu;(w) # cVu,;(w) forall w e N(y), and to simultaneously satisfy the
conditions that Vu;(w) # 0, Vu;(w)# 0 for all w e N(y). Then by Lemmas 7 and 8 it follows that

N(y)nIi(y)= N(y) N IF;(y)
and
N{y)nIi(y)=N(y)n IFi(y)= N(y) " F(P*(x)).
Thus, for any w e N(y),
weli(y)nIi(y) > we IFi(y)n IFi(y)
> weIF(w) N IF;(w)
> we IF(w) nF(P*(x)).
We need only show that in any neighborhood of w there are points in F(P*(x)) which are preferred by i

to w and points to which he prefers w. Pick z € R™ such that z - Vu;(w)=0and z - Vi;(w)>0. Let
N(z) be a closed neighborhood of z such that for all z* € N(z), z* - Vu;(w)>0. Then by Lemma 6,
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there is a r* such that, for 0 << r*,
G #(w+INz)NnLy)e Pi(w)nIi(y) = Pi(w)n F(P*(x)),
D #(w—IN(z)nLy)c Qiw)nIy)= Qiw)n F(P*(x)). Q.E.D.
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