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Introduction


In this lab, you will explore a simple mechanical system that exhibits some rather complicated behavior. At the heart of this system is the spring-disk system illustrated below. By attaching a mass on the edge of the disk, we create a physical pendulum. (Fig. 1)  The torque on the pendulum due to the asymmetrically placed edge mass is
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where R is the radius of the disk and the torque is positive if the vector points out of the paper. Note that this relationship assumes that = 0 radians when the edge mass is at its lowest point and  is positive in the counterclockwise direction.
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Figure 1. The physical pendulum.1

The pendulum is attached to a drive shaft about which a string is wound and attached on either side to a spring of spring constant k. (Fig. 2)  If the springs are equally stretched to a total length L at equilibrium (= 0), the torque on the disk due to the combined springs is
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where r is the radius of the drive wheel, not the disk. (Fig. 2)
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Figure 2. The springs which exert forces on the drive wheel when the pendulum is displaced from equilibrium.1


In addition, there is an adjustable magnetic damper that provides a velocity-dependent damping force giving the torque
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Figure 3. The magnetic damper.1

Finally, the pendulum is driven by a motor that provides additional stretch and contraction to the springs. The driver torque is
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where A is the amplitude of the motor’s driving arm displacement and  is the angular frequency of the arm’s rotation. So, the net torque on the damped-driven physical pendulum system is:
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(5)

This is equal to the rotational inertia of the pendulum, I, times the angular acceleration, 
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;  this is the rotational version of Fnet = ma.  The goal of mechanics is to solve such an equation of motion for (t), for any choice of driving force frequency, amplitude and phase.  We will now see that this is quite challenging for the full equation of motion that we have derived above.  
However, it makes sense to note a few basic features at this point.  The problem can be thought of in terms of its energy behavior as well.  If you look carefully at Fig. 1, you can see that the physical pendulum has a stable equilibrium point when the mass is at the very bottom.  At this point, the sum of gravitational potential energy and spring potential energy is minimized;  if we plotted the energy near this point, it would resemble a quadratic potential of the form:  U ~ -K2 , where K is some effective spring constant that depends upon g, the springs’s spring constants, k, etc.   If disturbed about this point, it will undergo oscillations that closely resemble simple harmonic motion for small amplitudes.  Less obviously, it has a second energy minimum when the mass is at the very top of the pendulum.  At this point, the torque is at its minimum, but the gravitational potential energy is at its maximum.  As a result, the total potential energy corresponds to an unstable equilibrium point.  Again, small oscillations about this point will resemble those of a simple harmonic oscillator.  However, for larger oscillations, the pendulum can undergo transitions between these two energy wells.  You will see this effect at work today.
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The Breakdown of the Small Angle Approximation


In our study of harmonic motion in Physics 105, we made the assumption that  in radians was small enough that 
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. This made Eq. 5), a non-linear equation, into a nice, mild-mannered linear equation that you studied in both 105 and 213, with a nice solution of


[image: image14.wmf](

)

0

cos

t

qqwj

=+

.







(6)
[image: image15.png]



Figure 4. Mild-Mannered Butters.2
If we push our well-behaved pendulum too far beyond the small-angle regime, we create a non-linear oscillator that, given the right conditions, produces.....
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Figure 5. Unpredictable Professor Chaos.2
CHAOS!

Since nonlinear differential equations like Eq. 5) do not in general have analytical solutions, we cannot write down a functional form for this case.  However, nonlinear systems such as these can be studied experimentally, mathematically and computationally using different approaches to reveal the complicated behavior of their solutions.  Several important facts stand out:
1) The solutions to nonlinear differential equations like these have the general property of depending sensitively on initial conditions.  This is in fact the defining feature of chaos.  We can understand this most clearly by thinking about the contrasting case of a simple pendulum with a small amplitude.  Its behavior can easily be computed for all times using an equation like 6), and small changes in the initial conditions (amplitude, phase, drive frequency) make only small changes in the eventual time evolution.  However, for nonlinear system, arbitrarily small changes in initial conditions lead to radically different solutions; in fact, a tiny change in initial conditions leads to an exponentially large change in time evolution. Thus, while nonlinear systems are still deterministic, computing their behavior can be virtually impossible in practical situations.  Also, as Baker and Gollub point out, “the system does not repeat its past behavior “even approximately”.  
2) This complex behavior is true even for extremely simple system like your pendulum which have few degrees of freedom, not only for systems with more degrees of freedom and more complex equations of motion.  (Like the economy, our Solar System or a box full of bouncing balls!)
3) While the frequency behavior of the driven simple pendulum was very simple (it had the same oscillatory frequency as the driving force), the frequency response of a nonlinear system can be extremely complex.  Depending upon the driving amplitude and frequency, the Fourier transform can include frequencies that are multiples of the driving frequency (called harmonics), and, in chaotic behavior, components at a broad range of frequencies.
4) These facts can be usefully explored using tools such as phase space plots, Poincaré sections and Fourier transforms.  While brief descriptions of these tools follow, the book Chaotic Dynamics by Jerry Gollub (Haverford’s own) and Greg Baker (on reserve for 105 in the White Science Library and available in our Lounge and 211 lab) has excellent more in-depth descriptions that you should read both before lab and after, while completing your report.
Phase Space Diagrams


Often it is useful to look at a phase space diagram of oscillatory motion. This is a plot of velocity as a function of position. In the case of our physical pendulum, we will plot angular velocity against angular position.

Start up LoggerPro and plug the Rotary Motion Sensor in port Dig/Sonic 1.  Collect data for 60 seconds with a sampling rate of 20 samples per second. Set up graphs for  vs. t and  vs. .


Now, with as little damping as possible, use the rotary motion sensor to record angular velocity versus angular position.  How does your phase space diagram progress as time elapses? Why is this happening?  An attractor is a point on the phase diagram at which the motion converges for a range of initial conditions.  On the print-out of your diagram, mark the predicted location of the attractor.  (Note that for perfectly undamped systems, the attractor can be an orbit rather than a single point.)

From the plot of position as a function of time, determine the natural frequency of the oscillation. Recall that this natural oscillation frequency is the resonant frequency of the system. If we drive the pendulum at this frequency, we should observe oscillations of maximum amplitude.

Driven Damped Oscillations
Adjust the magnetic damper so that it is about 5-10 mm away from the pendulum. There needs to be some damping in the system so that the amplitude of the driven oscillator does not get too big. Turn on the driver motor power supply. Adjust the voltage until the driving frequency is approximately the resonant frequency (use the stopwatch to help you). Keep the driving voltage below 12V.  You may find it useful to record the voltage that gives this desired frequency. 


Starting with the edge mass of the pendulum in either stable equilibrium position, start taking data and turn on the driver. Observe the phase diagram and the position-time graph. Can you identify an attractor? Is the phase space diagram predictable? Print out your   vs. t and 
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 vs.   graphs.


Recall from the Sound experiment in Physics 105 that the frequency of an oscillation can be determined by taking the Fast Fourier Transform (FFT) of a data set.  If a signal corresponds to a sum of oscillatory signals with different frequencies, the FFT plot shows the amplitude of each frequency component plotted as a function of frequency.  Add an FFT plot to your existing graphs.  What do you expect the FFT to look like when the pendulum undergoes simple harmonic motion?

Non-linear Dynamics and Chaos


Now we will explore what happens to a non-linear oscillator when it is driven close to its resonance. You will want to test the repeatability of the oscillatory motion from one run to the next, so it is very important to make the initial conditions as similar as possible each time. To achieve this, follow these instructions carefully.

You will release the pendulum each time with the edge mass at its highest position. Zero the sensor each time so this position will be = 0 radians from now on. The angle will be positive in the counterclockwise direction.


With the edge mass at its highest position, move the driver arm of the motor to a vertical position. This way, the motor will start to pull in the counterclockwise direction each time the mass starts to fall. Adjust the string looped around the drive wheel of the rotary motion sensor so that the springs are stretched by approximately the same amount. To check this balance adjustment, let the mass fall to the left and then to the right. The mass should come to rest at the same angle on both sides (within about 5 or 10 degrees).


Try it out! Lengthen the data collection period to somewhere between 300 to 600 seconds. Start data collection with the mass in the straight-up position. Once the reading starts, release the mass just to the left of = 0 radians and turn on the driver at the same time. If the motion settles into a very regular pattern, try reducing the amount of damping, increasing the amplitude, or slightly changing the driving frequency.


One typical feature of a non-linear system is period doubling.  If the period of the oscillator doubles, what happens to the frequency?  How would this appear on the FFT plot?  On the phase space diagram?  See if you can produce this effect with your oscillator.

Continue to change the parameters until you get a result that might be chaotic.  What’s the FFT of a chaotic signal?  Look for areas on the phase space diagram that could be attractors for the system. Print out one or more of the chaotic data runs. Label the attractors and any other areas of interest.


The phase diagram can get too "busy" to read rather quickly. Once data collection is complete, try using the "Repeat" option in the Experiment menu. This will replay the graphs of the motion you just collected.


Try to reproduce the observed motion by setting the initial conditions as close to those in the previous run as possible. (Remember that you can store your last run for comparison.) Try to determine what variables are most sensitive to small changes in the initial conditions. At this point, you should "play", but in a scientific manner! The system variables are damping, driving frequency, and initial position. Vary each parameter individually, making careful notes of what you do and observe. There are no definite conclusions you are expected to reach here. As in “real” science, your job is to observe and try to draw some conclusions about this non-linear system from your data.

Poincare Section


Once you’ve convinced yourself that the parameters you’ve chosen have resulted in chaotic behaviour, set up Logger Pro to plot a Poincare Section of your data; that is, a phase space plot that is sampled once per period of the driving motor. 


Have fun!
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Pre-Lab Question 1: Show that Equation 2) below is correct. Include a sketch of the forces on the system.





Pre-Lab Question 2: Predict the shape of the phase space diagram (angular velocity vs. angular position graph) if the undamped pendulum goes through one complete cycle of oscillation from an initial position of /6 radians. What are the positions when the velocity is at a maximum, a minimum, and zero? 





Pre-Lab Reading:  After you have read the introduction to this lab, you should read at least the introductory chapters in Chaotic Dynamics by Jerry Gollub (Haverford’s own) and Greg Baker (on reserve for 105 in the White Science Library and available in our Lounge and 211 lab)





Pre-Lab Question 3: Sketch the total potential energy as a function of angle, , for now defining  = 0 as the lowest position of the mass. 
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