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7. Dispersion Relation for Water Waves
(updated by Suzanne Amador Kane 10/2008) TC  "6. Dispersion Relation for Water Waves" \l 1 
Introduction


The primary characteristic defining the behavior of a wave is its dispersion relation, i.e., the relationship (k)  between angular frequency and wavenumber.  Water waves have a very interesting dispersion relation, because two different forces (gravity and surface tension) give rise to them.  At long wavelengths  or small wavenumbers k = 2/, gravity provides the dominant restoring force.  In this limit, the angular frequency f of small amplitude waves (of frequency f ) is related to the wavenumber by 
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where g  is the gravitational acceleration.  This nonlinear relationship, which is valid for water that is much deeper than , may be contrasted with the linear relationship 
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 for light waves or sound in air.  As a result, the phase velocity /k and the group velocity 
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 are unequal for water waves.  


On the other hand, for short wavelength waves where k is large, the surface tension 

 (resistance to stretching of the interface when it is curved, dimensions of force per unit length) provides the primary restoring force leading to wave motion, and gravity can be negligible by comparison.  In this limit, the application of Newton's laws to a fluid interface leads to the following prediction: 
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where  is the density of the fluid.


In general, both effects may be operative at the same time at intermediate wavenumbers, so the general dispersion relation, valid at any wavenumber (for deep water waves), is





.    
(3)

What happens if the water is not deep (compared to the wavelength)?  In general, equation (3) for 2 is reduced by a multiplicative factor tanh(kh), where h is the depth.  In this experiment, you will test this dispersion relation and measure the surface tension.


Of course water waves are particularly important in nature; a very large fraction of the world’s population lives close to the ocean.  Ocean waves affect the transport of heat, impurities, and nutrients; they also affect human navigation and the biological productivity of the oceans.   A major effort has gone into understanding the way the winds put energy into ocean waves.  

Pre-lab question 1:  For the deep water case, at what wavelength do gravity and surface tension make equal contributions to the oscillation frequency?  Express your result so as to make clear over what range of wavelengths gravity waves dominate.  The surface tension for water is approximately 7.2x10-2 N/m (or 72 dyn/cm in cgs units).

Pre-lab question 2: Make a quantitative graph (use a graphing program such as Origin or Excel) of the dispersion relation in the form /2 =f()  for deep water waves, and also print a table, over the range of wavelengths from about 0.3 cm to 6.0 cm.  On the same graph show separate curves for pure gravity waves and pure capillary waves as dashed lines.   Show the table and graph to your instructor.  
Pre-lab question 3:  How small must the ratio h be to reduce the frequency by 10% compared to the deep water limit?  (Note that the factor  in the variable k in the argument of the tanh function implies that the water doesn't have to be as deep as the wavelength to be essentially in the deep water limit.)


All of this discussion ignores a number of factors:  (a) At large amplitudes (how large?) the above relations may no longer be accurate, and uniform waves also may not be stable.  (b) Viscosity will cause the waves to decay exponentially in time (like 
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) with a decay rate (inverse decay time) that is approximately 
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.  In this expression, the kinematic viscosity  (the ordinary viscosity  divided by the density) is 1 x 10-2 cm2/s for water.  As a consequence, the waves will also decay exponentially in space away from the wave source.  

Pre-lab question 4:  How far would waves of wavelength 2.0 cm be expected to travel before decaying to 
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 of their initial amplitude?  (You may assume the deep water limit.)
Experimental Procedure


You will be provided with a small wave tank and a wave-maker driven by a vibrator.  The object of the experiment is to study the dispersion relationship f() or (k) under a variety of conditions.  There will be room for considerable initiative in determining how the experiment and analysis are carried out.


A parallel beam of light (originating far from the apparatus) passes vertically through the fluid, is refracted by the deformed interface, and falls upon a translucent screen.  In regions that are elevated (i.e., above the wave peaks) , the light is focused and therefore brighter than average, while above the depressed regions (the valleys), the light intensity is less.  The intensity function g(x) on the screen has the same periodicity as the waves, but the shape of this function will not be the same as the height function h(x) of the waves, because of the nonlinearity in the imaging process.  In general, the nonlinearity is less severe if the screen is close to the fluid surface (but this reduces the contrast, so you may have to compromise).  


Stroboscopic illumination is used to freeze the waves.  The wavelength of the waves then can be measured directly using a ruler.
Experiment 1: Testing the dispersion relation (and determining  ) in the deep water limit

1.  Measure 
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 over as wide a range as possible, keeping the water sufficiently deep to be in the deep water limit.  Make sure that your container is clean and that fresh filtered/deionized water from our purification system is used. (The blue nozzle on our sink provides RO water you can use.)  Try to make your wavelength measurements as accurate as possible.  Note that the distance between the screen and the water surface needs to be adjusted differently depending on the wave amplitude and wavelength to obtain good contrast in the images.

2.  Convert your data for 
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 to 
[image: image10.wmf](

)

k

w

.  Plot the dispersion relation and compare it to the theoretical dispersion relation graphically.  It is VERY important to make a graph BEFORE you finish taking data.  If you find deviations for high k, you might check whether it could be explained by a reduced value of the surface tension (which might arise due to contamination.

Alternately, you could fit your data to the theoretical dispersion relation using a program such as Origin.  If you get a good fit, you can then determine the best fitting value of the surface tension , and graph the best fitting theoretical expression along with the data so that any deviations are clearly exhibited.  Use the "statistics report" to obtain the 95% confidence interval for .  

Experiment 2: Varying depth, amplitude, surface tension, etc.

1.  Notice that the waves decay with distance from the source at large k (short wavelength).  Is this due to viscosity or to something else?  How can you tell?
2.  Reduce the depth of the water to check its effect on the wavelength (at one suitably chosen frequency).  Is the effect described quantitatively by the multiplication factor tanh(kh)?  

3.  Can you detect any effect of the wave amplitude on the dispersion relation?
4.  Try adding a few drops of photoflow, a surfactant that reduces the surface tension.  What happens?  (Afterwards, you must rinse the container many times to eliminate the photoflow, or subsequent measurements will be contaminated.)

OPTIONAL Experiment 3: Determination of  by reduced apparent weight


The surface tension can be measured independently for comparison with the results of Experiment 1. The basic idea is to submerge the edge of a vertically oriented copper sheet into the fluid, which is sitting in a shallow container on an electronic balance in Room 6.  You then lift the sheet until it is almost ready to detach from the fluid.  This will somewhat reduce the apparent weight of the fluid.  From the amount of the reduction, the surface tension can be computed.  More precisely:  

1.  Clean and dry the 2 cm x 3 cm copper sheet and the plastic fluid container.  

2.  Put a small amount of liquid in the container.  The liquid depth is roughly 1 cm.  The total mass must be less than 95 grams because of the limited capacity of the balance.

3.  Use a crocodile clip and a thread (or a thin stick) to hang the copper sheet.  The sheet should be vertical and its bottom edge should be horizontal.  The stick (or thread) goes through the balance's top window.  Hold the other end of the stick or thread with your hand.  All other windows of the balance should be closed.

4.  Wet the bottom edge of the copper sheet by dipping it into the liquid slightly several times.  (If the sheet is dry, the measurements can be erroneous.)  

5.  Now measure the initial mass mo of the fluid (and container) before the copper touches the liquid.  (Of course you are really measuring the weight.)  When the edge dips slightly into the liquid, pull the copper sheet up very slowly, and note that the weight reading decreases.  Take the smallest reading mmin just before the copper detaches from the liquid.  Make sure the detachment occurs across the whole edge simultaneously!  Then measure the mass again, m1.  You need to insure that the mass change from before to after is much less than the effect you are trying to measure.  This means that the following condition should be satisfied:  |m0-m1| << m = (mo+m1)/2 - mmin.  The surface tension is then 





 

(4)

where L is the length of copper in contact with liquid.  What is the origin of the factor of 2?

6.   Repeat step (5) many times and average the results, omitting any values that are too far from the mean.  (How far is too far?)


If this measurement is performed, consider possible causes of any discrepancies between the values of  obtained (a) by direct measurement and (b) that determined from the wave dispersion.  Note that water is vulnerable to surface contamination that can reduce , so it would not be surprising if your value is less than the nominal value of 7.2x10-2 N/m.
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