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3.  Impedance, Oscillations, and ResonanceTC  "3.  Impedance, Oscillations, and Resonance" \l 1 

Oscillations and resonance are central topics for this course, and they can be easily studied in electrical circuits.  Furthermore, this experiment will further illustrate the usefulness of the concept of impedance and complex exponentials in solving problems involving AC circuits.


It is convenient to represent the voltage across an element of an AC circuit as the real part of a complex exponential:
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where the “complex amplitude” or “phasor” is defined by 
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Similarly, the current through this circuit element can be represented as 
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where 
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.  Note that, for circuits involving capacitors or inductors, the current is not usually in phase with the voltage, so that 
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In the last laboratory, you explored several circuits involving capacitors, e.g. filters.  When driven by an AC voltage, circuits involving capacitors can be analyzed by assigning to the capacitance a complex "effective resistance" or impedance
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which pertains to sine-wave signals of frequency 
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The fact that the impedance is complex is related to the fact that the voltage across the capacitor lags the current through it by 90o; it reaches a maximum when the current is zero.  Then the voltage amplitude across C in a circuit involving C and R in series could be found using the voltage divider equation, which of course is a consequence of Ohm's law.  


More generally, what we are saying is that Ohm's law can be generalized to the complex relation 





, 
(2)

where Z  is the impedance of a circuit element (or group of circuit elements), and the current and voltage in this equation (with the wavy line above them) are the complex amplitudes for the circuit element of interest. If you are considering a combination of circuit elements, you must include both R and C when computing Z.  Since Z is complex, these relationships imply that the current and voltage are not generally in phase with each other.


Suppose we want to know the physical current across a circuit element (or group).    It is customary to choose the point when t = 0 so that the complex voltage amplitude across the element (or group) is real; then we can omit the wavy symbol and call the voltage amplitude Vo.  The actual current as a function of time is then given by




 .
(3)

Expressing the complex impedance Z   in terms of its magnitude and phase, 
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we have






(4a)

It is usually sufficient to work with (real) amplitudes and phases, rather than the full time-dependent currents and voltages.  In fact, the (real) current amplitude is usually simply called “the current”.  


To see how easy it is to use the concept of complex impedance to do something useful, let us derive the (real) current amplitude 

 for a resistor R and capacitor C in series.  The complex impedance is 

, and the current amplitude (the magnitude of the complex current amplitude) is then






(4b)

Pre-lab 1:  Use eq. (2) to derive the phase (- of the current with respect to the voltage across the combination of R and C in series.   You should find 

.  

Graph the current amplitude given in eqauation (4b) and the phase as a function of the frequency, showing the limiting cases clearly.  Does the current (voltage across R) lead or lag Vo ?  


To get the voltage amplitude across C instead of R, you would simply have to multiply the current by the impedance of C (and then afterwards find the magnitude and phase): 





(5)

Naturally, you have to take the magnitude of both sides to get the real voltage amplitude.

Inductors:  The same methods can be applied to inductors.  Recall that the inductors act like shorts at low frequencies, and like infinite resistors at high frequencies (because the induced emf increases with the frequency).  Furthermore, VL leads its own current by 90o (because it is proportional to the rate of change of the current, which changes sin functions to cos functions).  This should make plausible the idea that for an inductor, we would have an impedance




  .
(6)

Pre-lab 2:  Sketch an LR circuit (inductor and resistor across which an applied AC voltage Vo is placed).  Let the output of this circuit be taken across R.  Use the method of complex impedance described above to determine the output voltage of this circuit, and hence its cutoff frequency, where the output is 

.  You should find it to be 

.

Pre-lab 3.  Consider a circuit containing L, R, and C in series.  Assume that an applied AC voltage Vo is placed across the combination.   Find the magnitude of the total impedance, and use it to determine the current and hence the resistor voltage VR as a function of frequency.  You should find that its maximum value occurs at the resonant frequency


o  =(LC)-1/2.
Note that the impedance is purely resistive at the resonant frequency where the current is biggest.

Line width:  The line width of a resonance is usually expressed in terms of the quality factor Q which is the ratio of the resonant frequency to the full width of the resonant peak at amplitude 

.  [Note that, if you graphed the power, instead of the voltage, as a function of frequency, you would find that Q is the ratio of the resonant frequency to the FWHM (full width at half maximum), since power is proportional to 
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.] For the LRC circuit, it is not too hard to show that 

 if the resonance is narrow compared to o  .
Experiments

Experiment 1:  RC filter phase shift.  Go back to the filtering RC circuit you studied last week (experiments 2 and 3), but this time, measure the phase shift  of the current (or resistor voltage) as a function of frequency at say 6-8 frequencies (selected to cover a range that extends for a factor of 10 or so above and below the cutoff frequency).   To do this, you need to see both voltages at the same time; use your digital cursors to make the measurement, as the instructor will demonstrate.  NOTE:  Always remember to keep your function generator and scope grounds at the same point.  Also, with circuits of this kind, it is best to make measurements at frequencies that increase in successive factors of 2 or so (or in a 1, 2, 5, 10 sequence).  Compare your results with the theoretical prediction, by graphing the two together using a graphing program (Origin is available on each computer.  If you wish you may draw the theoretical curve on by hand.)

Now interchange R and C so you can measure Vc to see qualitatively that its phase shift (relative to the applied voltage) is in the opposite sense to that of the current or VR.

Experiment 2:  RC filter application.  Create a waveform that has both a 10 kHz component from your function generator, and 60 Hz "noise" coupled in through a transformer.  The circuit diagram will be on the blackboard.   Now design a high pass filter to get rid of the 60 Hz part while losing as little as possible of the 10 kHz signal.  Use a 0.01 F capacitor and a resistor of your choice. Sketch your design.   How close does your circuit come to the ideal?  By what factor does it attenuate the 60 Hz signal produced by the source? (Compare theory and experiment.)
Experiment 3: LRC Resonant circuit:  Build an LRC circuit, with output taken across R, and L = 10 mH, C = 0.005 µF, and R = 100 .   Keep the applied voltage below 5V peak-to-peak 

(a) Measure the voltage gain A (ratio of output to input voltage) as a function of frequency, and plot the data versus f.  Ensure that you locate the peak!  (Data points near the resonant frequency fo should be closer together than they are in the tails.)  Determine the resonant frequency fo and compare it with the theoretical prediction.  In addition to the graph, discuss the frequency dependence qualitatively.  Why is the maximum voltage, Vmax less than Vo?

(b) Estimate the line width (full width at amplitude 
[image: image11.wmf]2

max

V

) and use it to compute the quality factor Q; compare this quantity to the theoretical value. 

(c) Now change to a very low frequency square wave, so that the circuit effectively sees a series of instantaneous voltage transitions.  Can you see decaying oscillations at each transition of the square wave?  

Experiment 4:   LR filter (Optional)  Design and build a low pass LR filter with a cutoff frequency of 10 kHz, given that you have at your disposal inductors with L = 5 or 10 mH.  Sketch your design.  Record its operation by applying voltages from your signal generator varying from 10 Hz to 1 MHz, incrementing by factors of 10.  In what way is the low frequency behavior of your filter degraded by the fact that the inductor also has some resistance?  Be specific.

ADDENDUM
Complex Plane Representation of Voltages in an RC circuit:  A nifty summary.
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Since Kirchoff's Law holds at each instant, we can write




.  

Since each term is periodic, we can write it as the product of complex amplitude and an exponential:




.

Canceling the exponentials, we have
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This last equation means that the complex amplitudes must add (like vectors) in the complex plane.  To see what the time-dependent voltages do, think of the entire picture rotating in time because these vectors are proportional to 

.  Note that




.

Therefore, the amplitude of the total AC voltage is less than the sum of the amplitudes across R and C (because of the phase shift).  The angle  can be shown from Eq. (5) to be 

, as you might check.
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