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P-VALUES AND HYPOTHESIS TESTING

The Idea of a p-value.  A p-value is something you calculate when you want to evaluate two competing hypotheses.  Given a pair of competing hypotheses, a p-value is calculated from relevant data you have gathered.  The p-value you get from your data will give you an idea of how plausible the hypotheses you are evaluating are.

Null and Alternative Hypotheses.  The hypotheses you are interested in must first be formulated as one “null hypothesis” (denoted
[image: image1.wmf]) and one “alternative hypothesis” (denoted
[image: image2.wmf]).  I find it helpful to think of 
[image: image3.wmf] as the “default”:  it is what you will believe if your data provides no compelling evidence to the contrary.  I think of 
[image: image4.wmf] as the conclusion on which the burden of proof is placed:  we will find the alternative hypothesis convincing only if our data provide compelling support.
 

E.g.:  If you are doing a trial to see whether a drug is effective, the null would be that it is not effective and the alternative would be that it is effective. 

E.g.:  If a person is being tried for a crime in an American court, the null hypothesis is that she is innocent and the alternative is that she is guilty.  

An Example.  A casino in Atlantic City has a game in which people bet on whether a coin will come up heads or tails when it is tossed.  This game is perfectly legal as long as the coin is fair, meaning that every time it is tossed there is a 50 percent chance it comes up heads and a 50 percent chance it comes up tails.  But an agent of the NJ Gambling Commission suspects that the casino has been using a weighted coin that has a greater probability of coming up heads than of coming up tails.  The owner of the casino has in fact been arrested and is on trial.

The null hypothesis, that the casino owner is innocent, and the alternative, that she is guilty, can be written like this:


[image: image5.wmf]
where p represents the probability that the coin comes up heads on any toss.  

After the null and alternative hypotheses have been stated, some data must be collected.  In our example, suppose the judge tosses the coin in question ten times, and the outcomes of those tosses are the only evidence available in the trial.  And suppose that the sequence of heads and tails observed in the ten tosses of the coin is HHHHTHHHTH.  I will call this the “raw data.”

Now think about a courtroom dialog that takes place between the attorneys for the prosecution and the defense after this data is observed:

PROSECUTION:  Aha!  Look at that!  Eight heads in ten tosses!?!  That coin must be weighted in favor of heads!  It is just not possible that a fair coin would come up heads eight times in ten tosses.

DEFENSE:  “Must be,” you say?  Impossible that the coin is fair?   Nonsense.  It is perfectly possible that the coin is fair, and just happened to come up heads eight times out of ten.  This evidence doesn’t prove anything.

PROSECUTION:  OK, it is possible that a fair coin could come up heads eight times out of ten, but how likely is that?

It is this last question that underlies the notion of a p-value.  The rough conceptualization is this:  We have observed evidence that on the face of it looks unfavorable to the null and favorable to the alternative.  If we had observed evidence that could not possibly be generated if the null were true, then we would know the null is false and the alternative is true.  But that is not generally the case, and it is not the case in this example:  it is possible for a fair coin to come up heads eight times in ten tosses.  Nonetheless, this evidence does cast doubt on the null and provides support for the alternative.  In the final question of the dialog above, the prosecutor has proposed a quantitative measure of how much doubt the evidence casts on the null:  the smaller is the probability of getting as many as eight heads in ten tosses of a fair coin, the less credible the null is in the face of this evidence, and the more persuaded we will be that we should base future actions (like convicting the casino owner) on the assumption that the alternative is true.

Let’s describe this way of thinking about the problem more formally, but still in the context of this coin-tossing example.  Let’s start at the point at which we have formulated the null and alternative hypotheses and observed the raw data described above.  Here’s what we do then to calculate a p-value.

To start, we define a “test statistic,” a value that we calculate from our raw data that will be useful in evaluating the competing hypotheses.  In this case, the prosecution has implicitly invoked the number of heads in ten tosses as the test statistic.  That choice of a test statistic is an intuitively plausible, and we will see that in fact it works well in this context.  So let us take the number of heads observed in ten tosses as the test statistic.

Next, we ask: “Qualitatively speaking, what values of the test statistic would challenge the null and support the alternative?”  In this example, it is large values of the test statistic that look inconsistent with the null. 

Once we have stated what it means for the test statistic to be inconsistent with the null, we can ask: “If the null hypothesis were true, how likely is it that the data would yield a test statistic that is as inconsistent with the null hypothesis as the test statistic that we actually calculated from the data we observed?”  This question is almost identical to the prosecution left us with in the dialog above:  if the coin were fair, what is the probability of getting eight heads in ten tosses?  But there is one thing to be careful about:  Is it the fact that we saw exactly eight heads that seems suspicious?  Would it have been less suspicious to observe exactly nine heads?  No—as observed above, it is really just the fact that the number of heads is large that makes us suspicious.  So when we talk about a test statistic that is “as inconsistent with the null” as the one we calculated form our sample, we really mean “at least as inconsistent,” or “as inconsistent or more inconsistent with the null” as the one we calculated from our sample.  In this example, getting a test statistic as inconsistent or more inconsistent with the null as the one we calculated from our data means observing eight or more heads in ten tosses.  So the question we are asking is:  If the coin were fair, what is the probability of getting eight or more heads in ten tosses of the coin.?  The answer to this question is the p-value.

If we let X represent the number of heads in ten tosses of the coin, we can write 


[image: image6.wmf]
To calculate this probability, we somehow need to figure out the probability distribution of the test statistic X.  In this case, it is easy:  assuming the tosses of the coin are mutually independent (which is reasonable in this case), the number of heads in ten tosses is a binomial random variable.  But what are the parameters of this binomial random variable?  The number of trials is ten, but do we know the probability of getting heads on any given trial?  If we did, we wouldn’t have to do this hypothesis test!  So all we can say is that the probability of heads on any trial is p, where p is the true, but unknown, probability of getting heads on any toss.  So what we know for sure about the distribution of X can be written as 
[image: image7.wmf].

But the p-value is not simply the probability that X is greater than or equal to eight.  The question is, what would that probability be if the null hypothesis were true?  And since the null hypothesis is that 
[image: image8.wmf], we can say the following:  If the null hypothesis is true, then 
[image: image9.wmf]. [You sometimes hear terminology like “under the null hypothesis, 
[image: image10.wmf],” or “the null distribution of X is binomial with n=10 and p=.5.”]

So now we can say more about the p-value.  In fact we can calculate it:


[image: image11.wmf]
This means that there is just a 5.47 percent chance of getting eight or more heads in ten tosses of a fair coin.  More pointedly, if the coin in question in this trial were fair, there would be just a 5.47 percent chance of getting as many heads as we did when we tossed it ten times.  This probability is not miniscule, but it is pretty small:  we observed something that would have been pretty unlikely if the null hypothesis had been true.  We haven’t proven the null hypothesis is false (we could have gotten as many as eight heads in ten tosses of a fair coin—in fact, if we do repeated iterations of ten tosses of a fair coin, we will get eight heads or more in more than five percent of the iterations).  But the lowness of the probability of observing a test statistic as large as we did if the null hypothesis were true makes us doubt that it is in fact true.  The smaller is the p-value, the greater our doubts.

Defining and Interpreting p-values.  A definition of the p-value:

The p-value is the (ex ante) probability with which the value of the test statistic would be as or more inconsistent with the null hypothesis as the (ex post) value of the test statistic we calculated from our data, if the null hypothesis were true.

The p-value answers the question:  If the null hypothesis had been true, what would have been the probability of obtaining data that looked as or more inconsistent with it than the data we observed in our sample?   So the smaller is the p-value, the greater is the doubt that our data sheds on the null hypothesis. 

How low a p-value must be before one rejects the null hypothesis [i.e., before one takes an action predicated on the assumption that the null is not true] is a judgment call that will depend on the context.  In the legal context of the preceding example, the question would be how low the p-value would have to be before we concluded “beyond a reasonable doubt” that the coin was not fair—and so convicted the casino owner of the crime.  Although some conventions exist with respect to how low a p-value must be to reject a null hypothesis, there is no objective basis for deciding precisely how low a p-value must be to constitute evidence “beyond a reasonable doubt.”  

When we obtain a p-value of .0547, we say:  “We can reject the null hypothesis at the 94.53% confidence level.”  In general, the statement “We can reject the null hypothesis at the 
[image: image12.wmf] confidence level” is equivalent to the statement “The p-value is equal to 
[image: image13.wmf].”  In symbols, that is 


[image: image14.wmf]
It is tempting, but not correct, to say that when we reject a null hypothesis at the 
[image: image15.wmf], we have found that, given the data we observed, the probability that the null hypothesis is true is just 
[image: image16.wmf].  In symbols, that would be


[image: image17.wmf]
but that is not what a p-value is.  And in fact, it is not even sensible to talk about the probability that the null hypothesis is true, since the null hypothesis is a statement about a parameter, and since parameters are constants (not random variables), we can’t talk about the probability with which a parameter takes on certain values (or takes on values in certain intervals).

An Outline of the General Approach to Calculating p-values.
1) State the null and alternative hypotheses.

2) Figure out what kind of relevant data is available or could be collected.

3) Figure out what test statistic you will calculate from the data.

4) Figure out in a qualitative sense what values of the test statistic would be inconsistent with the null hypothesis.  That is, ask what values or ranges of values of the test statistic would be unlikely to be observed if the null hypothesis were true.

5) Figure out what the distribution of the test statistic would be if the null hypothesis is correct. 

6) Obtain or collect the raw data you decided you would need in (2) above.

7) Calculate the test statistic you decided upon in (3) above.

8) Under the assumption that the null hypothesis is true, calculate the (ex ante) probability of a obtaining a sample of data for which the value of the test statistic is as or more inconsistent with the null hypothesis as the value you actually calculated (ex post) from your data.  (You will use the things you figured out in (4) and (5) above to calculate this probability.)

9) The probability that you calculate in (8) is the p-value.

P-values in Hypothesis Tests about a Population Mean

Suppose we have a sample of n observations, and that n is large.  Suppose also that although we don’t 
[image: image18.wmf] (the population mean) , we do know 
[image: image19.wmf] (the population variance). 

What are the null and alternative hypotheses?


[image: image20.wmf]

(
[image: image21.wmf] is just some number, like 12, or 0, or –2.7)

Collect some data and calculate a “test statistic”.

In the case of hypothesis tests about a population mean, the test statistic is the sample mean 
[image: image22.wmf].  We will use the notation 
[image: image23.wmf] to represent the particular value of the sample mean that was found for your data. 

Qualitatively, what values of the test statistic would we be unlikely to observe if the null hypothesis were true? In other words, what values of the test statistic would appear inconsistent with the null hypothesis?  (Note that the notion of inconsistency being used here is not that a certain value of the test statistic could not possibly be observed if the null hypothesis were true, but just that it would be unlikely to be observed if the null hypothesis were true.)

 For the particular one-sided hypothesis test being considered here, the null hypothesis states that the population mean is less than or equal (
[image: image24.wmf]).  So qualitatively speaking, if the null hypothesis were true, it would be unlikely to observe large values of 
[image: image25.wmf].

Quantitatively speaking, what would be the probability of the realized value of the test statistic being as (or more) inconsistent with the null hypothesis as the value you calculated from your data, if the null hypothesis were in fact true?

In the case of this one-sided hypothesis test about 
[image: image26.wmf], this question is:  What would be the probability of obtaining a sample with a mean 
[image: image27.wmf] as large as (or larger than) the value 
[image: image28.wmf] calculated from our sample, if in fact the population mean is equal to 
[image: image29.wmf]?

In symbols, this question is asking us to find 
[image: image30.wmf].

What is the probability distribution of the test statistic?

Fortunately, we know a lot about the distribution of 
[image: image31.wmf].

First, we know that 
[image: image32.wmf].  (This is going to be useful even though we don’t know what 
[image: image33.wmf] is equal to.)

We also know that 
[image: image34.wmf] (and we are assuming we know 
[image: image35.wmf]).

And since we are assuming that n is large, we know by the CLT that 
[image: image36.wmf]is normally distributed.

So we know that 
[image: image37.wmf].

We don’t know what 
[image: image38.wmf] is really equal to (if we did, we wouldn’t have to be testing a hypothesis about it), but the probability we want to calculate is conditioned on the assumption that 
[image: image39.wmf].  So when we calculate this conditional probability, we can assume that 
[image: image40.wmf].  And now we know everything we need to know to calculate the desired probability:


[image: image41.wmf]
We know the values for 
[image: image42.wmf] (we calculated it from our data), 
[image: image43.wmf] (it is stated in the null hypothesis), 
[image: image44.wmf] and n, so we can use the standard normal table to find this probability.

This probability is the p-value.  
A slightly different looking, but equivalent, way of presenting how a p-value is calculated in this example is as follows.  Use the standardized value of the realized sample mean (its z-score) as the test statistic.  Call this test statistic 
[image: image45.wmf], where 
[image: image46.wmf].  Then use the standard normal distribution 
[image: image47.wmf] to calculate p-values as follows:


[image: image48.wmf]
What if we don’t know the population variance?  If we don’t know 
[image: image49.wmf] (as we usually won’t), we can use an alternative test statistic:  
[image: image50.wmf], where s represents the sample variance 
[image: image51.wmf].

Something that I call a “generalization of the CLT” tells us that, when n is large, and if the null hypothesis is true, 
[image: image52.wmf].  In this example, it is large values of t that are inconsistent with the null hypothesis, so we calculate


[image: image53.wmf]
where 
[image: image54.wmf] represents the realized value of t you calculated from your data.
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P-VALUE  PROBLEMS
1) Wawa sells “two foot” hoagie rolls.  Of course, because there is some variability in the production process, not each of the rolls is exactly 24 inches long.  It is known that, for the entire population of Wawa “two foot” hoagie rolls, the standard deviation in their lengths is 1.4 inches.  A consumers’ advocacy group has claimed that the mean length for the entire population of these rolls is less than 24 inches.  The advocacy group has taken the Wawa Corporation to court to sue them for misrepresenting their product.

a) State the appropriate null and alternative hypotheses to be tested. (As usual, let 
[image: image55.wmf] represent the population mean length of Wawa “twelve inch” hoagie rolls.)

b) Suppose that in a random sample of 140 “twelve inch” hoagie rolls, the mean length is 23.75 inches.  Find the p-value.

2) Suppose a random sample has been taken from a normally distributed population.  You know that the mean of the population is 
[image: image56.wmf] and the variance in the population is 
[image: image57.wmf], but you do not know the sample size (call it n, which as usual represents the number of observations in the sample).

You want to test the following hypotheses about the size of the sample:



[image: image58.wmf]
Although you will not be told what the sample size was, you will be told what the realized value of the sample mean was (as usual, call it 
[image: image59.wmf]).

a)) Qualitatively, what values of 
[image: image60.wmf] would be inconsistent with the null hypothesis?  In particular, which of the following would be true:

(i) The more that the realized sample mean exceeds the population mean, the more inconsistent it is with the null hypothesis.  [That is, the greater is 
[image: image61.wmf], the more inconsistent the data is with the null hypothesis.]

(ii) The more that the realized sample mean falls below the population mean, the more inconsistent it is with the null hypothesis.  [That is, the smaller (more negative) is 
[image: image62.wmf], the more inconsistent the data is with the null hypothesis.]

(iii) The more that the realized sample mean differs from the population mean, the more inconsistent it is with the null hypothesis.  [That is, the greater is 
[image: image63.wmf], the more inconsistent the data is with the null hypothesis.]

Choose (i), (ii), or (iii) as your answer, and briefly explain the reasoning behind your choice.

b) As usual, let 
[image: image64.wmf] represent the mean of a random sample of size n from the population described above (with 
[image: image65.wmf] and 
[image: image66.wmf]).  If the null hypothesis stated above is true, then what is the probability distribution of 
[image: image67.wmf]?

c) Suppose you are told that in the sample that was taken, the realized value of the sample mean was 
[image: image68.wmf].  Find the p-value for the null and alternative hypotheses stated above.

3) An office supply company hired a salesperson to work for one day.  The contract specified that the salesperson should visit the headquarters of 15 large corporations to try to sell the company’s office products.  At each visit to a corporate headquarters, the probability that the salesperson makes a sale is .4 (so the probability that she doesn’t make a sale is .6).  Whether she makes a sale at any office is independent of whether she made a sale at any other office.

a) Let X denote the number of sales she makes if she visits 15 offices.  What is the probability distribution of X?  (Just give the name of the family of distributions that X belongs to, and indicate what the values of the parameters of the distribution are.  You do not need to write out each of the possible realizations of X with their probabilities.)
b) Suppose that at the end of the day, the salesperson has made only 3 sales.   The owners of the company are dismayed at how low this number of sales is, and suspect that the salesperson may have taken it easy and visited fewer than the 15 corporations that her contract said she was supposed to visit.  

The company would therefore like to sue the salesperson for breach of contract.  But to win the case, they must convince a judge that they have strong evidence to show that she visited fewer than 15 corporations.

Think of this as a hypothesis testing problem, and state the null and alternative hypotheses that the company would want to test.  (You can state these hypotheses in word, or you can use symbols.  If you use symbols, be sure you indicate what the symbols you are using are meant to represent.)
c) (12 points) The only evidence the company has to present to the judge is that the salesperson made only 3 sales during the day.  (Nobody followed her around all day to directly observe how many offices she actually visited.)  Given this data, what is the p-value for the hypotheses stated in part (b) above?  (Assume that the judge, the company and the worker all know and agree that, as stated above, the probability of a sale on any individual call is .4)

4) To reduce employee theft, a company proposes to screen its workers with a lie detector test.  This test is not perfectly reliable:  if a person is really innocent, the test indicates "guilty" 10% of the time, and if the person is really guilty, the test indicates "innocent" 20% of the time.  It is known that 5% of the workers actually are guilty.

Think of this as a hypothesis testing problem.  Suppose the company wants to test the following null and alternative hypotheses:


 EMBED "Equation" \* mergeformat  

:  The worker is innocent


 EMBED "Equation" \* mergeformat  

:  The worker is guilty

Suppose the worker takes the lie detector test, and the test result is "guilty."  Find the p-value.  (Think of the test result “guilty” as the data you collected.) 

� As we will see, compelling support for the alternative will actually come in the form of compelling evidence against the null.


� The null and alternative must be mutually exclusive.  Let’s also assume that they are formulated in such a way that they are mutually exhaustive.  There are some subtleties involved in the latter assumption that might be worth discussing, but that I think would distract us from the principal objectives of this first pass at p-values.
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