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ABSTRACT. Let A1 < A2 < A3 < ... be the eigenvalues of a vibrating
system, an extremal property of > 7' A; and .7 )\i_l, suggested by the

work of Pélya-Schiffer [1], is established and generalized to ZIZHL ;i and

Zfo A;': on the one hand in the sense of Poincaré, on the other in
the sense of the “Max-Min” property of Courant-Weyl. We establish
inequalities which reduce to those of Pélya-Schiffer [1] for k¥ = 0 and to

those of Weyl [2] for n = 1.

1. DEFINITION OF THE “RAYLEIGH TRACE” T'R[L,| ON A LINEAR SPACE
L, AND OF THE “TRACE INVERSE” T Rinv|[L,,]

We consider two positive definite quadratic forms A(v,v) and B(v,v) [3]

on a vector or functional space; the Rayleigh quotient will be R[v] = ggzz;

We will suppose that the beginning of the spectrum is discrete.

Given a linear subspace L,, of dimension n, choose n vectors v1,...,v,
which are pairwise orthogonal in the metric B : B(v;,v;) = 0 if i # j; we
define

(1) TR|L,] = R[v1] + - - + Rlvy).

This is the trace of the matrix associated with A in L,, under the metric B:
thus this definition is independent of the choice of vy, ..., v,.
Now, choose n vectors wy,...,w, € L, pairwise orthogonal in the metric

A A(wi,wj) = 0if i # j; we define

1
2 TRinw|Ly]| = —— 4+ -+ ——.
( ) [ TL] R[wl] R[wn]
This is the trace of the matrix associated with B in L,, under the metric A:
thus this definition is independent of the choice of w1, ..., w,.

2. VARIATIONAL CHARACTERIZATION OF Y7 \; AND OF > A

We part from the recurrent definition of the eigenvalues A1 < A9 < A3 <
... and of the corresponding eigenvectors w1, usz, us, . . .:
A =min R[v] = Rlu1]; A= min R[v] = Rlus];
v B(u1,v)=0
1
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For any n > 1,

(3) M+A+-- 4+, = min TR[Ln].

choice of Ly,

In effect, there exists in all L,,:

a vector v, which is B-orthogonal to ui, ..., un—1, S0 R[vy] > An;
a vector v,_1 which is B-orthogonal to w1, ..., uy—2 and to vy, so Rlv,—1] > Ap—1;
a vector v; which is B-orthogonal to vy, ..., and R[v1] > Aj.

In the sum: Ay + -+ A, < TR[Ly]. In addition,
TR[L(ut, ..., un)] = A1+ -+ Ap;

(3) follows. Similarly,

1
4 — = TRinv|Ly,|.
( ) )\1 Tt )\n choilgleagg Ly, RZTM)[ n]

3. RECURRENT CHARACTERIZATION OF Z’Zi’f Ai AND Z’,jff At

k+n
(5) > A= min TRILy).
choice of L, B-orthogonal to L(ui,...,ux)
k+1
In effect: in all tel L,, there exists a vector vy, B-orthogonal to uy, ..., Uk+n—1,

therefore R[vgyn] > Akin; ete.

k+n
(6) Z max T Rinv[Ly)].
e i choice of L, A-orthogonal to L(ut,...,ux)

4. DIRECT CHARACTERIZATIONS OF E,j”)\ AND Zﬁf{

4.1. Extremal property “in the style of Poincaré”.

k+n
(7) E i = min max TR[L,];
choice of Ly, choice of L, CLg4n
k+1
k+n
(8) E min T Rinv[Ly,).
)\ ch01ce of L4y, choice of Ly, CLj4n

k+1



VARIATIONAL CHARACTERIZATION OF A SUM OF CONSECUTIVE EIGENVALUES3

4.2. Extremal property “in the style of Courant-Weyl”.

k+n
9) E Ai = max min TR[L,];
] choice of Lj choice of L,, B-orthogonal to L
k+n
(10) E max TRinv[Ly,).
Pt A ch01ce of Ly, choice of L, A-orthogonal to Lg

5. GENERALIZED INEQUALITIES OF POLYA-SCHIFFER [1] AND OF WEYL
2]

5.1. Schrédinger-type equation. Vu+[A—W(x,y, z)Ju = 0 with certain
fixed conditions on limits;

v)+ [[[ Wiidr
[[[ v2dr ’

where dr is the volume element and D(v) is the Dirichlet integral.

RV = 2

n

(1) M a2 o)y <oy > 0,k > 0,0 > 1),

i=1
Proof. Denote by 1, u9,us, ... the eigenfunctions of W(az y,z) = (W +
(W1)

W2)/2;in L(uy, . . ., Uk, +ky+n), there is an L,, orthogonal to both L(u; (Wl) U

and L(quQ)7 . ,u,(qzvz)); thus, under the conditions of paragraph 3,

ki+n ko+n k1+ka+n ~
S aAME ST A < TRVIL 4 TRMD(L,) = 2TRW) (L, <2 Y AW
k141 ko+1 k1+ka+1

O

For k1 = ko = 0, we have a convex inequality of the type of Pélya-Schiffer
[1]; for n = 1, we have an inequality of the type of Weyl [2].

5.2. Inhomogeneous vibrating system. £[u] — A\p(z,y,...)u = 0 with
certain fixed conditions on the boundary, and with density p > 0. (Here
£ is a self-adjoint linear differential operator). The Rayleigh quotient is
R[] = [ve[vldr/ [ pvidr.

- 1 1 1
(12) > (A(p—n ot \en) y(erttan) ) =0

=1 \ k141 ki kitetky+i

For N = 2 and k1 = ko = 0, this gives a convex inequality of the type of
Pélya-Schiffer [1]; for n = 1, this gives an inequality of the type of Weyl [2].
Ifky =ko=...=ky =0 and n = oo, there is equality; we will return to
this.
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