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ABSTRACT. With the help of a “conformal mapping” [1] of the coor-
dinate functions &, ¢, Z of the sphere, we will show four inequalities for
inhomogeneous vibrating membranes: the first on a surface of the type
of a sphere, the second on a Jordan domain, the third on a “bilatere”
and the fourth on a “trilatere” [2].
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Let S be a closed surface of the topological type of a sphere Wthh is
conformal, except in isolated points, to the sphere S+ 92+ 22 =1,
P € S if and only if P(#,,2) € S; on S define the function p(P) > (the
density); M = ¢ §4 pdS is the “total mass”. If A is the Laplacian in the
sense of Beltrami, the differential equation Au(P) + pup(P)u(P) =0 on S
has the eigenvalues p1 = 0 < po < g < pga < .... By excluding the trivial
case of point masses, we obtain
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There is equality when p = constant on any sphere of radius R (then ps =

ps = pg = 2/R%p and M = 47R?p); and on any S with sufficient density
p(P).

Proof. Suppose p(P) = p(P )(dS/dS) If the centre of mass G of the masses
p coincides with the center O of the sphere S, then the images X (P),
Y (P), Z(P) of &,3,% on S satisfy § ¢ pXdS = § ¢s p2dS = 0 and, simi-
larly, ¢ fs pYdS =0, § fs pZdS = 0. Moreover, by the conformal invari-
ance of the mixed Dirichlet integral, Dg(X,Y) = Dg(Z,9) = 0 (similarly
Ds(Y,Z) = Ds(Z,X) = 0) and Dg(X) = Dg(2) = 87/3 (and similarly
Ds(Y) = Ds(Z) = 87/3). Also, X2 +Y?+ 22 =22 + 9%+ 22 = 1. The
linear space L(X,Y,Z) generated by the functions X (P), Y (P), Z(P) is
admissible for the variational characterization [3] of pg 1y 3 Ly ,u;lz
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It remains to be shown that the conformal mapping taking S to S can be

chosen such that G = O; this is a consequence of the following lemma:
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Lemma 1.1. Given a density p > 0 on the sphe?“e S (not consisting of
point masses), there emsts a Mobius tmnsformatwn P—P of the sphere S
to itself, such that p(P) = p(P)(dS/dS) has its center of gravity G in the
center O of the sphere.

Proof. The proof of the lemma is inspired by the methodology of Szegé [4].
Let N be a point on S and k a real number, 0 < k < 1; denote by Hy
the Mobius transformation on S induced by the homothety ¢ — kC on a
complex tangent plane to the sphere at N (( = 0 at N): the two fixed
points of Hyj, are (if k # 1) N and its antipode; Hy 1 is the identity. The
mass distribution ﬁis mapped by H Nk to pn k, with center of gravity G Nk
PN1 = P, GN1 = G if £\, 0, GNk — N. The total mass is always
conserved: M, Nk = M = M. Let us denote by Gk the surface formed the
pomts G N,k Where N varies over S and k is fixed. (In general, this surface
Gy will intersect itself). When k is close to zero, Gy contains O; when
k1, Gk is close to the point G. IfG = O, the desired transformation
is the identity; otherwise, O is exterior to Gk for k sufﬁmently close to 1;
thus there exists 0 < k < 1 such that G 50,0 = GN,k =G, HN,k is the
desired Mobius transformation. O
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poM < 8w~ 25.133.

Corollary 1.2.

and

Example 1. On a regular tetrahedral surface with p = constant,

472
M= — =~ 22.793.
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If J is a Jordan domain; p(P) > 0 a density on J; A; the first eigenvalue
of the membrane on J with fixed contour; pu; = 0 < pe < puz < ... the
eigenvalues of the free membrane. Excluding the trivial case of point masses,
we have
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Equality holds in particular when p = constant on any hemisphere of radius

R (then A\ = ps = pu3 = 2/R?p and M = 27 R?p).

Proof. A: One can conformally map J to the hemisphere J Y 9%+
22 =1, 2 > 0, so that the distribution of masses on (P) =
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p(P)(dS/dS) has its center of mass G on the axis O%. This results
from the following lemma:

Lemma 2.1. Given p > 0 on the hemisphere J (without point
masses) there exists a conformal mapping Hy; : P — P (N on
the equator E of J) of J onto J such that rho(P) = p(P)(dS/dS)

has its center of mass on the azxis OZ.

Proof. Again, the proof of this lemma is inspired by Szego [4]. If
k0, éN,k — N € E; that is to say ék is the closed curve traced
by G Nk when the point N traverses the equator E. (This curve
can intersect itself.) When k is sufficiently small, the coordinate
of this curve relative to the O% axis (or of its horizontal projection
relative to O) is 1; when k /' 1, Gy, — G if G is on O, the desired
transformation is the identity; if not, the coordinate is zero for k
sufficiently close to 1; since the coordinate moved from 1 to 0, there
exists 0 < k < 1 such that Gk intersects O% in a point G = GN’k,
H; N is the desired transformation. O

B: Mapping #, 7, 2 from J to J, the images X (P), Y (P), Z(P) satisfy

//deS://deS:O, D;(X,Y)=0,
J J

4
DJ(X):DJ(Y):DJ(Z):ganol)(2+1f2+z2 22452 =1,

The function Z is admissible by the principle of Rayleigh character-
izing A1; the linear space L(X,Y) is admissible for the variational
characterization [3] of iy + puz

L Jezhs 1 [P | [,
M T Dy(Z2) 7 pe ps T Dy(X) D;Y) ~’

(2) follows.
(]

Remark Among plane homogeneous membranes, the circle realizes the
maximum of \{'M~! [5][1], but the minimum of (i + é) < [4][6]. Here
are some examples of the values of the left hand side of (2): circle: 0.24283,;

square: 0.25330; equilateral triangle: 0.30711; one can conjecture that,
among the plane homogeneous membranes of total mass M, the circle real-

izes the minimum of ()\% + i + %) % If true, this property would rein-

force the Szego-Weinberger theorem.
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3

If B is a “bilatere” (a Jordan domain with 2 marked boundary points)
with “sides” a and b and density given on B by p > 0. Denote by A, the first
eigenvalue of the membrane fixing a, free on b and by A the first eigenvalue
of the membrane fixing b and free on a; and by pu; = 0 < ps < ... the
eigenvalues of the free membrane. Excluding the case of point masses,

1 1 1 1 3
— 4+ — — > — =~ 04774
(3) <)\a+>\b+ )M_ 0.47746.

We have equality in particular when p = constant on a quarter-sphere B:
#24+9°+ 42 =R? & >0,y >0 with @ and b = the two meridian boundaries
(then X\g = Ay = g = 2/R?p and M = wR?p).

Proof A continuity argument (let N be the north pole and S the south pole
of B; if k \, 0, Nk—>N1fk/oo GNk—>S then apply the Bolzano
theorem) easily shows that one can conformally map B to B so that the
arc-border a has as its image the meridian & = 0, the arc b the meridian
y = 0, and the distribution of masses on B : p(P) = p(P )(dS/dS) has its

center of mass G in the plane 2 = 0. Mapping Z,4, 2 from B to B, the
images X (P), Y(P), Z(P) satisfy

2
// pzdS =0,Dp(X) = Dp(Y) = Dp(Z) = g and X24+Y24+ 2% = 32492 +3% =
B

the function X is admissible for the principle of Rayleigh characterizing A,
the function Y for Ay, the function Z for ps:

1 _ J[ppX3dS i>fpry2dS_ i>fprzzdS
Aa DB(X) ’ )\b - DB(Y) ’ o DB(Z)

(3) follows. O

4

Let T be a “trilatere” (Jordan domain with three marked boundary
points) with “sides” a, b and ¢; consider on 7" a membrane of desnity given
by p > 0, fixed in turn along a, b, ¢; then

1 1 1\ 1 _3
4 S+ ) = > 2 ~0.95493.
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Equality holds in particular when p = constant on a trirectangular triangle
spheric (an eighth of a sphere). This result was already proved ([2]) using a
conformal mapping.

For symmetric domaines, (4) implies (3), (3) implies (2) and (2) implies
(1). An example of equivalence: on a regular octahedron, p = 1: the four
formulas give the same upper bound A\; < % ~ 7.2552 for the first eigen-

value A; of a hexagonal membrane with fixed side length 1.
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