Math 115 Exam #4 Practice Problem Solutions
1. Solve the initial-value problem
y" +8y +16y =0, y(0)=3, y'(0)=6.
Answer: The characteristic equation is
r*+8r+16 =0,

which factors as
(r+4)? =0,

so 7 = —4 is the only solution of the equation. Therefore, the general solution to the differential
equation is
y = Cre ™ 4 Coze .

Plugging in x = 0, we get
3= y(O) = 0160 + 02(0)60 = 01,

SO
y=3e 1 4 Cyze 17,
Hence,
y = —12¢™* 4 Che % — ACxe™**.
Therefore,

6=y’(0):—12+02+0:—12+027

or, equivalently, Co = 18. Thus, the solution is

y = 3e 1% + 18ze7 17,

2. Solve the differential equation
Yy’ + 2y + 37y =0.

Answer: The characteristic equation is
r? 4 2r +37=0.

Using the quadratic formula, solutions are of the form

—2+/4—4(1)(37) -2+ /—144
2

5 = =—1=+061.

Therefore, the solution to the differential equation is
y = Cre T cosbx + Cre™ ¥ sin 6.
3. Solve the initial-value problem
y' + 5y —24y =0, y0)=0, 3 (0)=3.
Answer: The characteristic equation is

r? +5r —24 =0,



which factors as
(r+8)(r—3) =0,

so the solutions to the characteristic equation are r; = —8, 7o = 3. Hence, the solution the homogeneous
equation is
y=Che 3% 4 Che®®.

Plugging in x = 0, we get

0= y(O) =C1 + Oy,
so 7 = —C5. Hence

Y= _C2678z + 026393

and so
y' = 8Coe 8% 4 3C,e3®.

Plugging in « = 0, we get
3= y/(()) =8Cy +3Cy = 1102,

so Cy = 3/11, meaning that C; = —Cy = —3/11. Therefore, the solution to the initial-value problem
is

_ 3 —8x 3 3z
Yy = 116 + 116 .
. Solve the differential equation
y// + 92/ — 62:6.

Answer: First, solve the homogeneous equation 3" + 9y = 0. The characteristic equation is
?+9=0
meaning that r?2 = —9 and so r = £3i. Therefore, the complementary solution is
Yo = Cq cos 3z + Cs sin 3.
Now, to find a particular solution, guess that
Yp = Ae?®.
Then y;, = 24¢*” and y;] = 4Ae**. Therefore, since y, solves the equation,
e =yl + 9y, = 4A4e>* + 9Ae** = 13Ae*".

Therefore A =1/13 and so

Thus, the solution of the given equation is
Yy Ye yp 01 COs SJL‘ OQ S1n 3.13 + —e".

. Solve the differential equation
y// +5y/ +6y — xz

Answer: First, solve the homogeneous equation y” + 5y’ + 6y = 0. This has characteristic equation

r? 4+ 5r +6=0,



which factors as
(r+3)(r+2),

so the solutions are r; = —3, ro = —2. Thus, the complementary solution is

Yo = Cre 3" 4 Che 2",

Now, guess that the particular solution is
Yp = Az’ + Bx + C.

Then
y, =2Az + B

and
yZ’)’ =2A.

Hence, since y, solves the equation,
a® =y + 5y, + 6y, = 24+ 5(24x + B) + 6(Az® + Bz + C) = 6Az* + (10A+ 6B)x + (2A + 5B + 60).
Therefore, 6A =1 and so A =1/6. In turn,

10
0=104+6B =~ +6B,

so 6B = —10/6 and B = —10/36 = —5/18. Finally,

2 25
0 + 5B+ 6C st 6C,

so we have that 6C = 19/18, meaning that C' = 19/108. Thus, the particular solution is

x? 5 + 19
=— - —zr+—.
%6 18T T 108
In turn, the general solution is

2 5 19
=9, =C -3z C —2x J’; Y -7
Y=Yetyp=Cre T+ lae Tt Se 79T g

. Solve the differential equation
y' 46y +9y=1+zx

Answer: First, solve the homogeneous equation 3" + 6y’ + 9 = 0. This has characteristic equation

r? 4+ 6r+9 =0,
which factors as
(r+3)*=0.
Therefore, the solutions of the characteristic equation are » = —3, meaning that the complementary

solution is
ye = Cre 3% + Chze 3%,

To find the particular solution, guess
yp = Az + B.



Then
Yp=A

and
y, = 0.

Since y,, solves the equation, we have
1+x =y, +6y,+9y, =0+6A4+9(Az + B) = 94z + (6A + 9B).

Therefore,
1 =94,
so A=1/9. Also,
1=6A—|—9B:g—&—9B7

so 9B =1/3, or B =1/27. Therefore,

o n 1
=9 T ar
Putting this together with the complementary solution, then,
—3x —3x T 1
Y=Yc+yp =Cire " + Caxe +§+ﬁ'

. Use power series to solve the differential equation
y' 4+ 2y’ + 2y = 0.
Answer: Suppose
o0
y= Z apxh.
k=0
Then

oo
y = Z kagzh!
k=1

and

E(k — 1)apz*2.
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Since y is supposed to solve the given equation, we should have that
0=y9y"+xy +2y

k(k — 1)akxk_2 4+ Z karz® ' +2 Z apz”

M8

0=
k=2 k=1 k=0
0= Z k(k — 1)akxk_2 + Z kapz® + Z 2a,z*
k=2 k=1 k=0

(k+2)(k + 1)agrox® + Z kapa® + Z 2a;,1"
k=1 k=0

M

i
o

0=2az+2a0+ Y [(k+2)(k+ Darsa + (k + 2)ax] 2*.
k=1



Therefore,

0=2a2+2a0 = as= —ag
1
0=(k+2)(k+ Darga+ (k+2ar = w2 =—7—7
Hence
1
a3 = ——=a
3 51
1 1
Ay = —§a2 = gao
1 1
as = 4a3 == 2 ) 40,1
1 1
0T M T T3
Putting this all together,
Ye g2k 1)k g2kt

y_aozl 3 5 ““2 Qkk'

. Use power series to solve the differential equation
y = 4x?y.

[Hint: your solution should be the power series of some recognizable function.]

Answer: Re-write the equation as 3’ — 42%y = 0. Assuming

[e.¢]

k

Y= E agT",
k=0

we have that -
y = Z kagz®~!
k=1

Then, since y is supposed to solve the equation,

0=y —4a?y

0= Z kakxkfl — 42 Z akxk
k=1 k=0

0= Z(k + Dag2® — Z 4apatt?
k=0 k=0

0= Z(k‘ + Dapyzt — Z day_ozF
k=0 k=2

0=a1 + 2a2x + Z [(k + 1)ak+1 — 4(1]6,2] z*.
k=2

ag



Therefore, a; = 0 and ag = 0, while for £ > 2,

0=(k+1lags1 —dag—2 = a1 =

Hence,
4
az = gao
4
aq = Zal =0
1 0
as = —QQ9 =
592
4 42
ag = =a —a
6= 5% =3 %
Hence,
s 4kx31

Notice that y can be written as

4

kE+1

Ap—9.



