Math 115 Exam #3 Practice Problems

1. Solve the initial-value problem % + 2tz = x, 2(0) = 5. Use your solution to compute z(3).

Answer: Subtracting 2tz from both sides and factoring the x on the right hand side yields the

separable equation
dx

dt
Hence, we can separate variables and integrate

EN=

ln|x|=t—t2+C.

=z(1 - 2t).

Therefore,

Exponentiating both sides yields

|z| = el O = gt =t

By allowing A to be negative, we can eliminate the absolute value signs on the left hand side, so

z = Aet=t.

Plugging in ¢ = 0 yields
5= A" = A,

so we have that

T = 5et_t2.
Therefore,

a2 _ 5
x(3) = 5e37% = be 626—6.

2. Solve the differential equation 7yy’ = 5.

Answer: In this equation the variable are already separated, so we can integrate both sides:

/7ydy = /5xdm.

Thus,
T 9 9 9
Sy =57 + C.
Therefore,
2 (5 5
2 2 2 /
=== Cc|=< C
Y 7(29” * ) 7
SO

5
y::t\/?xQ—i—C’.

3. Solve the initial-value problem 3’ +y = 2, y(0) = 1.
Answer: This is a linear equation with P(z) =1 and Q(x) = 2. Therefore,

/P(:z:)dx = /1d:c =z,

_ ef P(x)dz _ e~

so the integrating factor
()



In turn, this means that

/MmQ@mxz/éﬁmz2&+c.

Hence,
1 1 C
= — dr=— (2e"+C) =2+ —.
Y u@L/M@Q@)x o 20 =2+ 3
Plugging in « = 0 yields
1=2+ 90 =2+4+0C,

so C' = —1. Therefore, the solution is

1

y=2—-—.
efL’

(Note: the given equation is also separable: y' = 2—y, so could separate and integrate as [ ffyy = [dz).

. Solve the initial-value problem Z—g =1-—y+2%—y2? y(0)=0.

Answer: We can factor the right hand side as (1 — y)(1 + 22), so this equation is equivalent to the
separable equation

dy 9

—=(1-y)( .

Y-y +a?)
Separate variables and integrate:

d
Hence,
3
—ln\l—y| :CU—‘F?—‘FC

Multiplying both sides by —1 and exponentiating yields

|1 . y| _ e—:c—a:B/S—C _ Ae—x—x3/3.

Allowing A to be positive or negative allows us to eliminate the absolute value signs, so
1—y= Ae~o=/3,
Therefore,
y=1-— Ae=2=2"/3,
Plugging in « = 0 yields ‘
0=1—Ae " "/B—-1_24

)

so A = 1. Therefore,

y=1- e~ /3,

. Solve the differential equation x% =92

Answer: This is a separable equation, so we can separate variables and integrate:
/ dy / dx
vy ) oa

1
—==In|z|+C.
)

Hence,

Solving for y, we see that
1

y:_ln|x\+C'



6. Solve the differential equation (22 + 1)37 =y.

Answer: This is a separable equation, so we can separate variables and integrate:
/ dy / dx
y ) a24+1

In|y| = tan™'z + C.

Hence,

Exponentiating both sides yields,
‘y| _ etan_lerC — Aetan_lx.
Allowing A to be either positive or negative allows us to eliminate the absolute value signs, so
Y= Aetan71 z
7. Solve the initial-value problem g—g =uzy, y(1) = 3.

Answer: This is a separable equation, so we can separate variables and integrate:

/@:/xdm
Y

72

2

Thus,

Injy|=—+C.

Exponentiating both sides yields
y] = /340 = 42

Allowing A to be either positive or negative lets us get rid of the absolute value signs, so
y= Ae® /2,
Plugging in x = 1, we see that
3=Aet/? = Ae'/? = Ave.

Therefore, A = so the solution is

e )

o

8. In a second-order chemical reaction, the reactant A is used up in such a way that the amount of it
present decreases at a rate proportional to the square of the amount present. Suppose this reaction
begins with 50 grams of A present, and after 10 seconds there are only 25 grams left. How long after
the beginning of the reaction will there be only 10 grams left? Will all of the A disappear in a finite
time, or will there always be a little bit present?

Answer: Let A(t) denote the amount of the reactant present after ¢ seconds. Since the amount present
decreases at a rate proportional to the amount present,

— = kA%
dt

This is a separable equation, so we separate variables and integrate:

dA



Therefore,

1
—— =kt
2 +C,
so, solving for A,
1
kt+C
Plugging in ¢ = 0, we have that
1 1
50 = — =——
k(0)+C C’
so C = 5—10. In turn, plugging in ¢t = 10 yields
95 — 1 _ 1
Ck(10) - & 10k— &
Hence,
1 1
10k — = =——
0 50 25’
meaning that
10k = — o o = -
25 50 50
S0
b
500"
Therefore, the amount of reactant A present after ¢ seconds is
1 1 500 500
A(t):— 1:—7710:— = .
—%5 — & = —t—10 t+10

The time to after which there will only be 10 grams left is determined implicitly by

500
10=—,
to + 10
so there will be 10 grams left after ¢ty = 40 seconds.
Since A(t) = % and the numerator can never be zero, the amount of A present is never equal to

Zero.

. Market research has shown the price p and weekly sales S(p) of a particular product are related by the

following differential equation:
s _ _1(_S
dp  2\p+3/°

If sales amount to 100 units when the price is $1 (i.e. S(1) = 100), what will the weekly sales be if the
price is raised to $6?

Answer: The above is a separable equation, so we can separate variables and integrate:
/ s / 1 dp
S 2p+3°

1
In|S| = ~ZIn|p+ 3 +C.

Therefore,

Since neither sales nor price can be negative, we don’t need the absolute value signs. Hence,

InsS = —%1n(p+3) +C=In(p+3)~"24C.



10.

11.

Exponentiating both sides yields

In(p+3)~Y/2+C In(p+3)~1/2 -1/2 A
G = n@+3) 7 EHC _ goIn(p+3) = A(p+3) / :ﬁ'
Plugging in p = 1 gives N A )
== v
so A = 200. Thus, 200 200 )
SO =537 =2y

so if the price is raised to $6, 22 units will be sold (since presumably it’s not possible to sell % of a
unit).

Solve the initial-value problem (% = g;, y(0) = 1.

Answer: This is a separable equation, so separate variables and integrate:
/6y5dy = /eQ”dx.

1
y6: §€2I+C,

1

y::l:{s/ieh—l—o.

1—i612(0) T
= —e20) 4+ C=+4/-+C,

2 2

1 1

=t/ + .

Y 26 -1-2

If y(x) satisfies the differential equation % =¢e?*7Y and y(0) = 1, then what is y(1/2)?

Answer: We can write this equation as

Therefore,

SO

Plugging in x = 0 gives

so C' = 3. Therefore,

dy _
hat :€2x6 y7

dz

which is separable. Separate variables and integrate:
/eydy = /ezzd:c.

1
V=¥ +C
e 26 +C,

1
y=In (26295 +C> .

i (L2 (L
1ln(2e +C)=In 2+C ,

Therefore,

SO

Plugging in x = 0 gives



12.

13.

so C' = e — 1/2. Therefore,

1 1 1 1
y(1/2) =In (262(1/2) +e— 2) =In (2 +e— 2) =Ine=1

Solve the differential equation z2y’ —y = 2z3e~1/%.

Answer: Divide everything by z2 to get the linear equation in standard form:

1
y — =y =2xe /"
T

Here P(z) = — 2% and Q(z) = 2ze /% 50

/P(x)dx:/f%dx: %

_ efP(:c)dx _ el/rc.

Thus,
()

In turn, this means

/M(x)Q(:r)dz = /el/“‘?ze*l/md:r = /2xd:c =22+ C.

Therefore,
x2 C

1 1
/u(m)Q(x)dw = (2> +0C) = iz + SV

e

Solve the initial-value problem zy’ —y = zlnx, z > 0, y(1) = 2.
Answer: Dividing everything by x yields the linear equation in standard form:
/
y ——y=Inz.
x

Here P(z) = —1 and Q(z) = Inz, so

/P(x)dx _ /—idx — _Inje/=In (i)

(where we can eliminate the absolute value signs because z > 0). Therefore,

1
_ J P@dz _ Jn(1/x) _ ©

() .

In turn,
2
/,u(x)Q(x)da: = /%lnxdaj = (ln;) +C,

so we have that

1 1<(1n:17)2+0>_x(h”3)2+()x_

Plugging in x = 1 yields

Y

1-(ln1)?
2= (;) +C-1=C,
SO ! 9
y:x(r;:r) + 2z.



14.

15.

Solve the initial-value problem (22 + 1)% +3z(y—1) =0, y(0) = 2.

Answer: Dividing everything by z2 + 1 yields

’ X
=~ _(y—1)=0.
y+x2+1(y )=0

This isn’t quite in standard form; to get it into standard form, add —2%- to both sides:

241

3z _ 3z
x2+1y_x2+1'

y +

Here P(z) = Q(z) = mgf_lv SO

/P(x)dx = / 3y = gln(:v2 +1) = In(z? +1)*/2,

2?4+ 1
SO
ple) = ef PEde = MDY _ (g2 4 1y3/2,

Therefore,

/u(o:)Q(x)dx = /(x2 + 1)3/23623711@ = /3Imdl‘ = (22

so the solution is

1
()

1

v= s [ = L (@ p e c) =14

Plugging in « = 0 yields

C
2=1+ 071 1) =1+0C,
so C = 1. Therefore,
1
=1
Yy + (22 4 1)3/2

Solve the differential equation ¢1In t% +r = te! assuming t > 1.

+1)*¥2 4,

C

(z2 + 1)3/2°

Answer: Dividing everything by ¢Int yields the linear equation in standard form

- 1 e
r+—r=—.
tint Int

Here P(t) = ﬁ and Q(t) = %, SO

1
/P(t)dtz/—dt:ln“nﬂ =lInlnt

tint

since t > 1. Therefore,
,u(t) _ ef P(t)dt _ elnnt _ 154

and so .
/u(t)Q(t)dt = /lntle—tdt = /etdt = +C.
n
Hence,
1 1, I C



16. In the following predator-prey system, determine which of the variables, x or y, represents the prey
population and which represents the predator population. Do the predators feed only on the prey or
do they have additional food sources? Explain.

d
d;t” = —0.05z 4+ 0.0001zy
dy

—_— ,]_ - .

7 0.1y — 0.005zy

Answer: Since the y population will grow exponentially without x, whereas x will die off without y,
y must be the prey population and = must be the predator population.

If the predators had another food source then they wouldn’t go extinct in the absence of the prey y;
however, it’s clear from the given system of equations that the predators will die out in the absence of
1y, so they must not have another food source.



