AN INTEGRAL FORMULA FOR i3

CLAY SHONKWILER

ABSTRACT. In [1], Polyak demonstrated that Milnor’s p invariant for
3-component links can be computed combinatorially. In [3] Polyak and
Viro showed how to compute the Casson invariant of a knot as the degree
of a map. Here, we emulate the style of [3] and use the results of [1] to
compute the p invariant as the sum of degrees of maps.

1. GAUSss DIAGRAMS

In [1], Polyak demonstrated that Milnor’s p invariant for 3-component
links can be computed combinatorially by counting certain subdiagrams of
a Gauss diagram for the link. Let us first recall how this works.

For a given n-component link L C R3, consider a diagram D of L as an
immersion of n circles in the plane. At each double point we assign a sign,
corresponding to the sign of the crossing. The corresponding Gauss diagram
G of L is a collection of n immersing circles with the two preimages of each
double point connected by an oriented chord. Each chord is decorated with
the sign associated with the corresponding crossing and oriented so that
it points from the overcrossing point to the undercrossing point. For two
examples borrowed from Polyak, see Figure 1.

NS &

FiGure 1. Gauss diagrams for the trefoil and the Borromean rings

A based Gauss diagram is a Gauss diagram with a marked point (base-
point) on each circle which is distinct from the endpoints of the chords. We
can define the sign of a subdiagram of a Gauss diagram G as the product
of the signs of the chords of the subdiagram.
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For a given Gauss diagram G and some other Gauss diagram A, we use
the notation (A, G) to denote the algebraic number of subdiagrams of G of
type A. Although such numbers depend, a priori, on the choice of diagram
for a link, Polyak and Viro have demonstrated that several are independent
of the choice of diagram and thus are knot or link invariants. For example,
in [2], Polyak and Viro show the following theorem:

Theorem 1.1 (Polyak-Viro). If G is any based Gauss diagram of a knot

K, then

o (K) = <®, G>
where va(K) is the Vassiliev invariant of degree 2 which evaluates to 0 on
the unknot and 1 on the trefoil.

Remark 1.2. The invariant v9 in Theorem 1.1 is often called the Casson
mvariant.

The same paper gives a formula for the invariant fi123 of a 3-component
link, but the following formulation from [1] is simpler:

Theorem 1.3 (Polyak-Viro). For any based diagram G of an ordered 3-
component link L,

O (D) = (G- @)+ (-3 +@)-3){1.6)

Nice as this formula is, our goal is, of course, to derive an integral formula
for Milnor’s p invariant. Perhaps surprisingly, (1) can be converted into an
integral formula.

2. THE CASSON INVARIANT AS THE DEGREE OF A MAP

The model for all arguments that some knot or link invariant can be
computed as the degree of a map is, of course, the argument that the linking
number of two oriented, disjoint circles in L1, Ly C R? is equal to the degree
of the map ¢ : L1 x Ly — S? given by

Ty

o(x,y) = p—

In [3] Polyak and Viro showed how to compute the Casson invariant of a
knot as the degree of a map. They do so by defining a map whose degree is

equal to <®, G>, which, as we saw in Theorem 1.1, is equal to the Casson

invariant of a knot K with Gauss diagram (. In this section we outline the
general strategy they employ, with the goal of adapting it to a strategy for
interpreting the p invariant as the degree of a map and, ultimately, deriving
an integral formula for it.

In order to express the Casson invariant as the degree of a map, we first
need to define a configuration space C to be the domain of the map. The
construction of C proceeds in several steps. First, for a knot K C R3 with a
base point * € K, let C'x denote the space of 4-tuples (x1,x9, x3,x4) € K*
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of points ordered such that, when following the orientation of K, the points
occur in the order *, 1, x9, T3, T4, *. Let C’g{ be the subspace of C'x defined
by the inequalities * # x1 # xo # x3 # x4 # * and with the orientation
induced by the orientation of K and the order of the points. Define the map
% : O% — S% x S? given by

($1,$2,$3,.’B4) — (wl — ) i — >7
|21 — 23] |14 — 22

which extends to a map ¢x on all of Cx by continuity.
In the above, the notation X is used to stand for the picture @ precisely
because C'x and ¢x were constructed so that the preimage of the point

(S,S) = (south pole, south pole) € §? x §?

under ¢x consists of configurations of points corresponding to subdiagrams
of the Gauss diagram isomorphic to @ Hence, the Casson invariant vo can
be seen as the local degree of the map ¢x.

Unfortunately, this local degree does not automatically extend to a global
degree for a number of reasons. First, Cx is not a closed manifold but,
rather, a manifold with boundary and corners. Second, the map ¢x fails to
be proper at the point (.S,.S) when there are triple points or self tangencies
in the projection of K to the zy-plane. Although such cases are not generic,
a generic isotopy involves situations where the projection is not generic
(e.g. during a Reidemeister III move). Dealing with these problems requires
considerable delicacy and the construction of several other spaces to be glued
to or removed from the space Cx, but in the end the Casson invariant can
indeed be computed as the degree of a map. In fact, Polyak and Viro give
two different integral formulas for the Casson invariant, the first of which
we reproduce here:

Theorem 2.1 (Polyak-Viro). Let
xdy N dz + ydz A dx + zdx A dy
(22 4 o2 + 22)3/2
Then, if K C R3 is a knot and if we denote by C‘O/ the space of 3-tuples
(w1, 22,23) € K3 ordered in the natural way defined by the orientation of K

with x # 11 # T9 # T3 # *, then

UQ(K) = /CO Q(xl — $3) VAN Q(.%’4 — xg)

Q=

1
D) /CO / o Qz1 — 22) ANQ((x2 — 23) + t(11 — 22))

(2) +2/C /E(O N 352 — 333) VAN Q((l‘l — x2) + t($2 _ :Eg))
1
+2/C /te —50,0)U(1,00) Wz — 21) A Q((21 — 22) + (T3 — T2))
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3. 4 AS THE DEGREE OF A MAP

Now we want to apply the strategy outlined in Section 2 to the case of
Milnor’s p invariant. First, recall (1):

D) = (B (- )+ (- () 3)+ () <3) <2):)

What we want to do is to choose a configuration space corresponding to
each term in this sum, define a map on that space such that the local degree
of the map is equal to the corresponding term in (1) and then find some
way of gluing the configuration spaces together to get a map on a compact
manifold. Unfortunately, base point problems will plague us a bit.

In fact, we will choose a configuration space corresponding to each term
in the sum and to each of the three possible ways of putting the base point
on one of the three components. The three spaces corresponding to the
placement of the base point on, e.g., the first component will then compute
something which looks like one of the terms in (1) but with the base point
on the first component.

As it turns out, we will be able to glue the three spaces corresponding to
the placement of the base point on the ith component to another, auxiliary
configuration space. The result of these gluings will be a closed manifold C;
on which we will have a well-defined, continuous map ¢; whose degree will,
after dividing by 6, be congruent modulo the greatest common divisor of
the pairwise linking numbers to one of the terms in (1) (in particular, the
term with its base point on the correct component).

Thus, by adding the degrees of the ¢;, we will recover the full right hand
side of (1) modulo the greatest common divisor of the pairwise linking num-
bers. Since [i123 is only defined modulo this ged, this will give [i193 as the
sum of degrees of maps (see Theorem 3.3).

3.1. The basic configuration spaces. Suppose L C R? is a 3-component
link with components L1, Lo, L3 which are oriented, closed, disjoint, smooth
curves. Moreover, assume

Ly=A{xz(s)},  La={y®)},  Ls={z(v)}
for parameters s,t,u € S*. In fact, we will consider the s-circle, the t-circle
and the u-circle as three separate circles, S, S3 and Si, respectively. We
will consider these circles as being unmarked unless decorated with a * as in
11*; when there is a marked point, the marked point of S}* will be denoted
*;.
Now, define the configuration spaces

0211 = {(s1,52,,u) € 1, X S1, X S3 X Szlx1 # 51 # 52 # %1},
C/({m = {(s,tl,tg,u) S 511* X Szl X S% X S?H*l 75 s, 11 7& tQ}
and

0213 = {(s,t,u1,up) € ST, x S5 x S} x Si|x1 # 5,u1 # us}
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where s1 and so are oriented so that traveling counterclockwise from s to
s one does not pass through the basepoint.
Now, for each i = 1,2,3, we define ¢\, : C’RM — 52 x S? where

O (51,89, t,u) — 2(u) —x(s1)  x(s2) —y(t)
¢11 :(s1,82,t,u) <|z(u) —x(s1) |x(s2) — y(t)\)
0 (s o) [(206) —y(t)  2(u) —y(ta)
Piz (s, 1, b2, ) <|x(s) —y(t)] z(u) — y(t2)|>
0 . S.t.,u1,u9) — Z(ul) - y(t) .7:(8 — Z(UQ)
P13+, 1, w1, u2) (!z(m) —y@®)] |z(s) — Z(W)’)
(

By construction, we see that the preimage of (south pole, south pole) € S% x

S? under ¢Y; is equal to <@—@«—@, G> where G is a Gauss diagram
for L. In other words, <@—@«—@, G> is equal to the local degree of
#Y;. Similarly, <@~—@—»@, G> is equal to the local degree of ¢, and

<@—@—»®, G> is equal to the local degree of gi)(l)g. These last two are

not exactly what we want to count, but we will deal with that problem later.
Of course, here we run into the same problems that Polyak and Viro
do. First, our CRU are not compact, so there is no global degree. To fix

this, consider 010\11 as a subspace of ST x S} x SI x Si and take the closure

Ch,, = CRH. This is now a manifold with boundary and corners to which
we can extend ¢{; to a map ¢11 : Cp,, — S? x S? by continuity.

The various strata of the boundary of Cj,, occur when, for some subset
A C {x*1,s1,s2}, the elements of A are equal. Denote the stratum corre-
sponding to A = {1, s1, s2} by ¥A11,,, and similarly for other choices of A.
Now, the stratum 3A1;,,, of the boundary is of codimension 2 and, thus, its
image under ¢; will be inessential in S2 x 52, The strata YA1,, and XA,
are of codimension 1, so we can’t just ignore them. Instead, we increase the
codimension of the image using the same trick as Polyak and Viro: we exile
the base point to infinity.

In particular, this means that, if we think of L as living in S3, we stereo-
graphically project from the image of *;. Moreover, we may perform a small
isotopy so that L; = {z(s)} coincides with a geodesic in a small neighbor-
hood of x(*1) so that the image in R? lives on a straight line outside some
ball. Finally, we may as well assume that this straight line is the y-axis.

Now, when oo = %1 = sq,

¢1(XA11,, € {(0,+1,0)} x S%

which has codimension 2 in S? x S? and so is inessential for degree-of-map
considerations. A similar argument shows that ¢1(XA11,, is inessential.

Therefore, the only boundary stratum of Cj,, that we have to worry
about is XAq1,,
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Similar arguments to the above give compactifications of CRIQ and 09\13
on which we only need to worry about the boundary strata ¥XAjs,, and
EA1312.

Moreover, the ¥A1;,, are all homeomorphic to the space C% ={(s,t,u) €

S, x S5 x S3|#1 # s} via the maps £1; : $Ay;,, — C}, given by

€111 (8, 8,t,u) — (s,t,u)
&2 1 (s, t,t,u) — (s, t,u)
&1z (s, t,u,u) — (s,t,u).

Completely analogously, we will define Cx,, and ¢9; for i = 1,2,3 and Ch;

and ¢3; for j = 1,2, 3. The local degrees of the ¢9; count <@<—®—@, G>,
<@®@, G> and <@~»@—»@,G> for ¢ = 1,2 and 3, respectively
and the local degrees of the ¢3; count <@—@—@, G>, <@—@—»®, G>
and <@——@—»®, G> for j = 1,2 and 3, respectively.

In each case we recover one term that we want and two that we don’t and
for each j Cy,; has one principal boundary face which is homeomorphic to
the boundary face of the spaces corresponding to other choices of j.

3.2. An auxiliary configuration space. Ideally, we would like to glue
the Cy,, together to get a closed space on which is defined a map ¢; which
extends each of the ¢1;. Unfortunately, we can’t quite do this. Instead, we
must introduce a new configuration space, which we will call Cy,. We will
define Cl; as we did the C},;, starting first with an open configuration space
and then compactifying.

To that end, define 050/1 = {(s,t,u,7) € Si, x S3 x S} x R3|%; #£ 5,1 #
x(s),m # y(t),r # z(u)} (here we suppose that the base point has already
been exiled to infinity as in the construction of the Cj,;). Moreover, define
the map qﬁ(}]/l : C’% — 52 x 5% x S? by
z(s)—r r—y(t) z(u)—r )

(s) =" [r —y@| [2(u) = 7]/
Remark 3.1. Since the base point has already been exiled to infinity, the

image of the obvious boundary given by *; = s has codimension 2 and,
therefore, is inessential.

¢0Yl : (s,t,u, 7") = <

Note that the inverse image of the point (south pole, south pole, south pole) €

5?2 x 82 x 52 is equal to
()

which, since it looks like an inverted Y, is why we’ve chosen to call this space
co..
1
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Since C’% is an open manifold, we would like to embed it in some compact
space and take the closure. Unfortunately, although C’% C Sil*l x 83 x 53 x 53

which is compact (we use the notation 5’711* to indicate that s may coincide
with 1), qﬁoyl does not admit a continuous extension to this space.

We resolve this issue by using the same trick Polyak and Viro do in
compactifying their space Cy: let I' be the graph of ¢0Y1 in 5711* x S3 x S3 x
3% 82x 5?x S? and let Cy, be its closure in this space. Let By, be the image
of Cy, under the natural projection 7 : 5’711* x S3x 51 x 83 x 5% x 8% xS —
Sill* X 521 X S% x 53; then 7 identifies ' with Cg),l and, with this identification
in mind, the natural projection Cy, — S? x 2 x S? extends the original
map qﬁg,l. We denote this extension by ¢y, .

In completely analogous fashion, we may define CYy,, ¢y,, Cy; and ¢y; so
that qb;,; (south pole, south pole, south pole) counts

o)

and qﬁ;,gl(south pole, south pole, south pole) counts

(o)

Each of the Cy; is a compact manifold with boundary. We analyze the
boundary next.

3.3. The principal faces of Cy,. Let p = (s,t,u,r,v1,v2,03) € Cy,\I' be
a point on the boundary of Cy,. Since 7(p) = (s,t,u,r) € By, belongs
to the boundary of Cg)/l, either s = %3 = oo or r coincides with one of
the points z(s),y(t) or z(u). Denote these last three by 3Y71, Y72 and
Y13, respectively. Since we already noted that the image of the boundary
corresponding to x; = s is inessential, the 3XY7; are the only boundary faces
we will worry about.

In fact, these boundary faces are easy to deal with, as the following lemma
suggests:

Lemma 3.2. Fori=1,2,3, the map ny; : XY1; — 0‘0/1 x S? given by
(Sata u, T, 1)13’023’03) = ((S,t,U),UZ‘)

is a homeomorphism of degree (—1)° with respect to the naturally induced
orientations on XY71; and C"O/l x S2.

In turn, all of what we’ve said applies equally well to Cy, and Cy;, with
suitable changes of indices.
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3.4. Gluing the pieces together. Now that we have all the pieces in place,
the obvious thing to do is to glue Cy,; x S?% to Cy, for each 4,7 = 1,2,3.
We know that YA;;, x S? ~ CO X 52 ~ ¥Y;;, so this should be feasible.
Unfortunately, we need to make these identifications in such a way that the
¢;j and ¢y, extend to a continuous map ¢. To see why this requires some
delicacy, fix r, s and ¢t and consider the image of {(s, ¢, u, 7, v1,v2,v3)} under
¢y, as r coincides with x(s), y(t) or z(u). When r = z(s), the image is equal

to
S {(\i-iﬁiiw %—D}

with the S? term as the first factor. When r = z(u), the image is equal to

(= o)) s

with the S? term as the third factor. Finally, when r = y(¢), the image is

homeomorphic to
{< xz(s)—r ’ z(u) —r )} g2
[z(s) —r|" |2(u) — 7|
but with the S? term as the second factor.
These complications force us to consider Cy, x S3 and Cy,, x S3 for
1 = 1,2,3 where S3 is the symmetric group on 3 letters. For o € S3, let
7 :5%2x52x8%? — §2x 5% %52 be the re-ordering of the factors of 52 x .52 x 52

corresponding to o.
Now, we define the space C; as the quotient space of

3
(U (Ca,, x SH U Cy1> x S3

i=1

determined by the following identifications:
e YAj1,, x S? x o is identified with Y7 x 070 (13) via (&1 xidge) onpy.
e YAja,, x §? x o is identified with XY2 x 0 0(23) via (€12 xidg2) oy
e Y A3, x 5% x o is identified with XY73 x 00 (12) via (£13 x idg2) onl_?’l.
It is now easy to check that
7o (¢ x idg2) : Cp,, x §% x 0 — 8% x 5% x §2
and
Gody, : Oy, x 0 — S% x 5% x §2

give rise to a continuous map ¢; : C; — S? x S? x S? (see Figure 2).

Similar constructions give rise to the spaces Co and C3 and maps ¢2 and
¢3. Each of the C; is a closed, connected manifold and the result of all of
this effort is the following theorem:
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FIGURE 2. Identifying the boundaries of Cy, and Cjy,;,

Theorem 3.3. The space C; has a well-defined fundamental class [C;] €
Hg(C;). Moreover,

1 _
(3) g [deg(6:) + deg(¢2) + deg(¢s)] = fzs(L)  (mod J)

where § is the greatest common divisor of the pairwise linking numbers.

Proof. The first sentence follows directly from our construction.

To evaluate the degrees of the ¢;, assume our link L is in general position
with respect to the vertical projection. To compute the degree of ¢;, count
the algebraic number of points in the preimage of a regular value p € S? x
S2 x S§% close to (south pole,south pole, south pole). Specifying to i = 1,
those preimages of p which lie in each of the six copies of |J;(Ca,; x S?)

count
(G-EO-@+@--D+D-@-3)0).
Moreover,
<@@@ G> — Lk(La, L3) - Lk(Ly, Ly)
and

((19+2)+3).G) = Lk(Ly, Ly) - Lk(Ly, Ls).

Therefore, the number of preimages of p in the Cj,, is congruent to 6 -
<@—@—@, G> modulo 6 - §. Moreover, the p has no preimages in any

of the copies of Cy,, because such a preimage would correspond to a triple
point in the vertical projection and we assumed L is in general position with
respect to the vertical projection. Thus, we see that

deg(¢1) =6 - <@—@—@,G> (mod 6 - 9).
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Similarly, the degrees of ¢2 and ¢3 are congruent to 6- <@—@—»@, G >

and 6- <@—»@—@, G > modulo 6-6, respectively. (3) then follows directly

from Theorem 1.3. [l
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