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Abstract

We establishthat the decidability of the first order the-
ory of a classof finite structues C is a simpleand useful
conditionfor guaranteeinghat the expressivgpowerof FO
+ LFP properly extendsthat of FO on C, unifying sepaa-
tion resultsfor variousclassesf structuesthat havebeen
studied. We then apply this resultto showthat it encom-
passegertain constructivepebblegametechniqueswhich
are widely usedto establishsepaations betweenFO and
FO + LFP, and demonstate that thesesametedniques
cannotsucceedn performingsepaations from any com-
plexity classthat containsDLOGTIME.

1. Intr oduction

Descriptve compleity theorystudiesheconnectiorbe-
tween logical definability and computationalcomplexity.
A basicresult of this theory dueto Immerman[7] and
Vardi[13], is thatfirst orderlogic supplementedith aleast
fixedpointoperator(FO+LFP)capturesxactly thepolyno-

mial time computableropertieof orderedinite structures.

Sincefirst orderlogic doesnot containany overt mecha-
nism for defining relationsby recursion,it can be shavn
that over mary classesof finite structuresthe expressie
power of FO+LFP properly extendsthe expressve power
of FO. On the other hand, the exact relation betweenthe
expressve power of FO and FO+LFP remainsa question
of considerablénterest.Kolaitis andVardi[8] conjectured
thatthe expressve power of FO+LFPproperlyextendsthat
of FOoverary infinite classof finite orderedstructuregthe
OrderedConjecture). As it happensgither a positive or
negative resolutionof (even specialcasesof) the Ordered
Conjecturavould have importantcomplexity theoreticcon-
sequenceseefor example Atserias& Kolaitis[1], Dawar,
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Lindell, & Weinstein[3], Gurevich, Immerman,& Shelah
[6]).

In this paperwe establistthatthedecidabilityof thefirst
ordertheoryof a classof finite structure<C is a simpleand
usefulconditionfor guaranteeinghatthe expressve power
of FO + LFP properly extendsthat of FO on C, unifying
separatiomesultsfor variousclasse®f structureghathave
beenstudied,see,e.q., Lindell [9]. We thenapply this re-
sultto shaw thatit encompassesertainconstructve pebble
gametechniquesvhich arewidely usedto establistsepara-
tionsbetweerFOandFO + LFP, anddemonstrat¢hatthese
sametechniquegannotsucceedn performingseparations
from ary classthatcontainsDLOGTIME.

2. Background

We assumehe standarddefinitionsof a first orderlan-
guage(or signaturelanda structureinterpretingit. Unless
otherwisementionedall structuresve will be dealingwith
are assumedo have finite universeand all signaturesare
assumedo be finite and relational, that is, to consistof
finitely mary relationsymbols.Indeed for definitenesswe
will assumehroughoutthatthe universeof every structure
is aninitial sgmentof the naturalnumbers,unlessother
wise noted. We write F, to denotethe classof all finite
structureof signatures.

An n—ary query over a classof structuresC is a map
@ sendingeachstructureA € C to an n—ary relation
over A which satisfiesthe following condition: for all
A,B € C,if fis anisomorphismfrom A onto B, then
Q(B) = f[Q(A)]- We will generallybe concernedwith
booleanquerieswhich maythenbeidentifiedwith setsof fi-
nite structuresvhich areclosedunderisomorphisnor with
the characteristiéunctionsof suchsets.

We will write FOto denoteboththesetof first-orderfor-
mulas,andalsothe classof queriesthat arefirst orderex-
pressiblelf C is acollectionof structureswe write FO(C)
for thecollectionof first orderqueriesrestrictedto C. Sim-
ilar notationwill be usedfor the fixed-pointqueriesafter



they aredefinedbelow.

We write Th(C) for the first ordertheoryof C, thatis,
the setof sentencesachof which s truein every structure
in C; we write Th*°(C) for thefirst orderlimit theoryof C,
thatis, the setof first ordersentencesachof which is true
in all but finitely mary structuresn C. The quantifierrank
of afirst ordersentence is the maximumdepthof nesting
of quantifiersin . If A and B arestructureswe saythat
A is r-equivalentto B (written A =, B), if andonly if, A
and B satisfyexactly the samesentencesf quantifierrank
< r. Notethatsinceall signaturesarefinite andrelational,
for everyr, theequialencerelation=.. is of finite index.

Let ¢(R,z1,...,21) be a first-order formula. On
a structure, A, ¢ definesthe operatoy ®4(R4) =
{{a1,-..ap)|{A,RY) E ¢la1,...,ax]}. If ¢ is an R-
positive formula, ® 4 is monotone.We may view ¢ asde-
termininganinductionon A the stagef which aredefined
asfollows: % = 0; 7' = ®4(}). The closue or-
dinal of ¢ on A, denoted||¢|| 4, is the leastm suchthat
R = cpfj“. The mt" stageof the inductiondetermined
by ¢ canbeuniformly definedoverall structuredy afirst—
orderformulawhich we denoteby ™. The setinductively
definedby ¢ on A, denotedy?, is the leastfixed point
of theoperatord 4, thatis, p = ¢'%, wherem = ||¢|| 4.
We write FO+LFPfor theextensionof first-orderlogic with
thelfp operationvhich uniformly determinesheleastfixed
pointof an R—positve formula. Thatis, for arny R—positve
formula ¢, Ifp(R,x1,...,2x)e is a formula of FO+LFP
andA E Ifp(R,z1,...,2k)pla1,. .. ,ax], if andonly if,
(a1,-..,ar) € .

3. First—Order Definability vs.
Fixed—Point Definability

We begin with a brief review of the resolutionof a con-
jectureof McColm which relatesthe expressve power of
FO and FO+LFP The following definition wasintroduced
by McColm[10].

Definition 1 A classC of structues is proficient, if and
only if, there is some R-positive formula ¢ sud that
sup({ll¢lla | A €C}) > w.

Sincethe stagef afirst orderinductionareuniformly first
orderdefinable,t is easyto seethatif a classof structures
C is not proficient,then FO+LFP collapsesto FO over C.
McColm[10] conjecturedhatthe corversealsoholds.

Conjecturel (McColm [10Q]) If C is proficient, then
FO+LFP doesnotcollapseto FO on C.

While McColm’s Conjecturewas refuted by Gurevich,
Immerman,and Shelah[6], the questionwhetheror not
FO+LFP collapsesto FO on variouscollectionsof profi-
cientclasse®f structuregemainsof considerablénterest.

For example,asremarled above, the statusof the Ordered
Conjectureposedby Kolaitis andVardi[8] is a majoropen
problemin thefield.

The following theoremprovidesa positiveresolutionof
McColm’s Conjecturewith respectto an extensie collec-
tion of classef finite structures.Indeed,this resultpro-
vides a uniform explanationfor mary of the positive re-
sultsconcerningMicColm’s Conjecturewhich have hereto-
fore beentreatedby heterogeneoumethodsin the litera-
ture.

Theorem1 Let C bea proficientclassof finite structuses.
If Th(C) is decidablethenFO(C) # FO+LFRC).

We will obtainTheoreml asa corollary of a resultof
McColm [10]. Before proceedingto the proof, note that
Theorem1l appliesto the classicexamplesof strings(col-
ored finite linear orderings)and trees(two finite succes-
sorfunctions),both of which areproficientclasseof finite
structureswith decidablefirst-ordertheories(in fact, their
monadicsecond-ordetheoriesare decidable).Furtherex-
amplesinclude:theclass{ ({0, ...,n},+) | n € w} (since
Preshurgerarithmeticis decidable)the classof finite fields
andthe classof finite booleanalgebrasFor detailsof these
andadditionalexamplessee[5], [11], and[12]. We notefor
the purpose®f our discussiorbelow thefollowing obvious
corollary of Theoreml which extendsits rangeof applica-
tion.

Corollary 1 Let C be a proficient class of finite struc-
tureswith a decidablefirst—oder theory If C C C’, then
FO(C") # FO+LFRC).

We will derive Theoreml from the following result of
McColm[10]

Theorem2 (McColm [10]) If Cisrecuisivelyenumeable
and Th*°(C) is completethenC is proficientif and only if
FO(C) # FO+LFRC).

Theoreml is a corollary of Theorem2 and Lemmal
belon. Thefollowing propositionwill be usedin the proof
of Lemmal.

Proposition1 If Th(C) is decidablethenC is decidable

Proof: This is aneasycorollary of the fact that for every
finite structureA, we caneffectively constructa first order
sentencep 4 suchthatfor every structureB,

A= B <= B ypa.

It follows thatfor every collectionof finite structuresC and
for everyfinite structureA,

AeC < —p4 ¢ Th(Q).



Lemmal Let C be a proficient class of finite structules
sud that Th(C) is decidable Then,thereisa D C C,
sud that

1. D isrecusivelyenumeable,
2. D is proficient,and
3. Th*(D) is complete

Proof: Let C be a proficientclassof finite structuressuch
that Th(C) is decidable Supposehe R-positive first order
formulay witnessesheproficieng of C. For eachn, let6,,
the first orderformula 3z(¢"+(z) A —¢"(z)). Note that
for all structuresd, 8,, satisfieghefollowing condition:

AE6, <= |lolla >n.

Let ¢,, be an effective enumeratiorof all first order sen-
tencesandlet 4,, beaneffective enumeratiorof C (obsene
that Propositionl implies the decidability of C). We pro-
ceedto effectively enumeratea sequencef structuresB,,
to satisfy the conditionsof the lemma. The ideawill be
to effectively searchtherefinementreeof finite extensions
of Th(C) for the leftmostinfinite branchconsistentwith
{6 | n € w}. Thiswill leadto an effective enumeration
of structuressatisfyingthe conditionsof the lemma. To
eachbinary sequencer of lengthn, we associatea con-
junction x, of the sentenceg, .. .,, or their negation:
if (i) = 0, theny; is aconjunct,andif o (i) = 1, then—);
is aconjunct.Now, we call asequence of length< n live
atstagen of our constructionijf x, A 8, is consistentith
Th(C). Notethattherelation“s is live at stagen” is de-
cidable,sinceTh(C) is decidable.ConsiderthetreeT,, of
all live sequenceat stagen andlet o,, beits leftmostleaf
on a path of maximallength. Note that the heightsof the
treesT;, arestrictly increasingasa function of n, sincey
witnessegheproficieng of C. We chooseB,, to bethefirst
structurein our enumeratiorof C which satisfiesy,,, A 6,,.
It follows directly from the constructionthat D =
{Bn|n € w} satisfiesconditions1 and?2 of thelemma,in-
deed,p withessedhe proficieng of D. In orderto verify
condition3, we amgueasfollows. We write (o | n) for the
initial segmentof thesequence of lenthn ando x b for the
extensionof o by b. It sufficesto shav thatfor everyn, there
is anm suchthatfor everym' > m, (o | n) = (om | n).
We proceedto prove this by induction on n. Suppose,
asinduction hypothesis that for every m' > m, (o |
n) = (o, | n). Now, supposethat for every m' > m,
X(om|n) N ¥Ynt1 A Ony is consistentvith Th(C). Then,for
everym' > m+1, (o, | n+1) = (04, | n)*0. Otherwise,
for somek > m, X (5., |n) A¥n+1 A b}, is NOtconsistentvith
Th(C). In thiscaseforeverym' > k+ 1, (o | n+1) =
(om | m) * 1. [
Thefollowing propositionindicatesthatthe rangeof ap-
plicationof Theorem?2 is wider thanthatof Corollary 1.

Proposition2 Theee is an infinite recursive set of finite
structuesC with thefollowing properties:

1. Cis proficient,
2. Th*(C) is completeand
3. if B C Cisinfinite, thenTh(B) is undecidable

Proof: We beagin by introducingan encodingof finite sets
of naturalnumbersinto binary string structures.Let D =
{n1,...,n,} wheren; <ny < ... < ng. WecodeD bya
structured p. Thesignatureof Ap consistof abinaryrela-
tion S andaunarypredicateP. Lett = (2k—1) +Zf:1 n;-
Theuniverseof Ap istheset{1,...t}. S is interpretedas
the successorelationon the universeand P holdsof j un-
lessj = 2l+22:1 n;, forsomel <1 < k. Intuitively, Ap
codesD asatapewhoseentriesarethe unaryrepresenta-
tions of the elementf D in increasingorderseparatedy
blanks.

Let X = {D; | ¢ € w} be an increasingchain of
finite subsetsof w, thatis, for all i,D; C D;;;. We
write Cx for {Ap, | i € w}. Obsere that since X is
a chain, for every m, thereis an n suchthat for every
n' > n,D,N{0,...,m} = Dy N{0,...,m}. It fol-
lows from this obsenation and the Hanf locality theorem
(seeFagin, Stockmger, & Vardi[4]) thatfor every r there
is ann suchthatfor everyn’ > n,Ap, =, Ap_,. It fol-
lows at oncethat Th*°(Cx) is complete. Moreover, it is
easyto seethatif X is infinite, thenCx is proficient, for
example,theinductionwhich definesthe transitive closure
of S witnesseproficieng.

Let f : w — w, andlet D(f,n) = {f(0),..., f(n)}.
Let X; = {D(f,n) | n € w}. Clearly, X; is a chainof
finite subsetsof w. Now, supposef is an injective recur
sive function whoserangeis not recursve. We claim that
C = Cx, satisfiesthe conditionsof the proposition. It is
clearfrom the precedingargumentthat C is proficientand
Th*(C) is complete. It is easyto verify that C is recur
sively enumerablén increasingorder (undera suitableef-
fective encoding)sincef is injective andrecursve. It fol-
lows at oncethatC is infinite andrecursve. It is alsoeasy
to verify thatfor ary infinite B C C, thecomplemenbf the
rangeof f is 1-1reducibleto Th(B). It followsatoncethat
Th(B) is undecidable. [ |

4. Trivialization and Separability

Intuitively, whenTh*°(C) is completeFOis trivial over
C, thatis, every first orderbooleanqueryover C is either
finite or cofinite.

Definition 2 1. Abooleanquery(@ istrivial onC if either
QnNCorC — Qisfinite



2. C trivializesa collectionof queries@, if andonly if,
every@ € Q istrivial onC.

3. A collection of queries @ is effectively trivializable
overC, if andonlyif, thereis aninfiniter.e. setof struc-
turesC’ C C which trivializesit.

Onepopulartechniquen finite modeltheoryfor establish-
ing thatagivenlogic L doesnotcollapseto FOoveragiven

classof structure<C, is to shown thatsomesubcollectiorof

C trivializesFO while someL-queryis nontrivial over that
subcollection.The following theoremshaws thatthis tech-
nigueis universallyapplicable.

Definition 3 C and D are first order insepaable if and
only if, there is no first order sentencep sud that C C
Mod(p) andD N Mod(p) = 0.

Notethata query @ is not first orderdefinableover a col-
lectionof structure<C, if andonly if, @ N C andC — @) are
first orderinseparable.

Theorem 3 Thefollowing conditionsare equivalent.
1. CandD arefirstorderinsepaable

2. Thete are sequenceqC; | i € w} C Cand{D; |
i € w} C D sudthatforal n € w,C, =, D,.
Moreover, thesesequencemay be chosenso that for
alm,n € w,n<m— Cp, =, Cp,.

Proof: Sinceour languagesontainno function symbols,
for eachn, theequialenceelation=,, hasfinite index, and
eachof its equivalenceclassess definedby a single sen-
tenceof quantifierrank n. We sayan equivalenceclassof
=, is good,justin caseits intersectionwith bothC andD
is nonempty Supposehat for somen, =,, hasno good
equivalenceclasses. Let § be the disjunctionof the sen-
tencesdefining equivalenceclassesvhich have nonempty
intersectiorwith C. Then,Mod(f) separate€ andD. So,
for every n, =,, hasgoodequialenceclasses.We form a
directedtreeT from thegoodequivalenceclasse®f the=,,
for n € w asfollows: the nodesof thetreearepairs({X, n)
whereX is agoodequivalenceof =,,; (Y, m) is a child of
(X,n), if andonlyif m = n + 1andY C X. Obserethat
T is aninfinite, finitely branchingtree. Hence by Konig's
Lemma,T" hasaninfinite path{(X,,n) | n € w}. We may
now pick C,, € (CNX,)andD,, € (DN X,) tosatisfythe
conditionsof thetheorem. ]

Corollary 2 Abooleanquery( is notfirstorder definable
over a classof structuesC, if andonlyif, thereisaD C C
such that Th* (D) is completgi.e. D trivializesFO), but
is nottrivial onD.

The precedingcorollary suggestshatit would be useful
to be ableto constructclassef structuresthat trivialize

FOin orderto prove separationsf descriptve compleity
classegrom FO. If suchconstructionsreeffective, thatis,
giveriseto effective trivializationsof FO, thenthe applica-
bility of this methodis severelylimited with regardto com-
plexity theoreticseparationsasthefollowing resultsshow.

Theorem4 Themris noinfiniter.e. classof finite structuies
C sudch that(C trivializesDLOGTIME.

Proof: The ideawill be to recursvely definethe compu-
tation of a booleanquerywhich alternatests truth values
infinitely often over C. Let M be a machinewhich gen-
eratesjn tally notation,the sizeof structuresn C, writing
over its previous outputs. Let M (n) denotethe length of
the maximumcompleteoutputof M aftern steps(n.b. that
M(n) < n). Definethe spectralquery@ on C, which de-
pendsonly on size,asfollows (herewe identify @ with its
characteristi¢unction). Let

(o0 if M(log|A|)is 0
Q4D = { 1— Q(M(log|AJ)) otherwise

Obserethat@ runsin time O(log |A|). Now supposehat
@ is constanffor all | 4] > n'. Thenwe know thatthereis
anm' suchthat M (m) > n' for all m > m’. Now sim-
ply considerd’ € C with |4’| > 2™'. By construction,
Q(A') # Q(M(log|A'])), which contradictsthat Q was
constanbeyondn/'. [ |

It is well-known that on classesf structuresequipped
with the “built-in” arithmetic relationsBIT and < first—
orderlogic sufficesto expressall DLOGTIME computable
booleamueriesaresultdueto Barrington,iImmermanand
Straubing[2]. In the following theorem,LH refersto the
LOGTIME hierarchythe bottomlevel of which is DLOG-
TIME.

Theorem5 (Barrington et al. [2]) LH = FO(BIT, <).

In light of Theorenb andtheabovediscussionTheorem
4 hasthe following significance.It shaovs that Theorem?2
cannotbe usedto separatd® from FO over classe®f struc-
tureswhich have theresourcesgitherexplicit orimplicit, to
interpretenougharithmetic.Thisholds,in particular for the
“bare” class{(n, <,BIT) | n € N}. In addition,it shaovs
thatCorollary2 cannotbeeffectivized,thatis, theappealing
separatioriechniquesnshrinedn thecorollaryis nolonger
universalif requirement®f effectivity areimposed.

ThoughTheorem4 doesestablisha sharplimitation on
the useof effective trivialization asa separatiortechnique
in descriptve compleity theory it doesnot precludethe
possibilitythatmoregeneraktonstructve pebblegametech-
niguescouldsucceedn effectingseparationérom descrip-
tive compleity classescontainingDLOGTIME. The fol-
lowing propositionillustratesthis possibility Let B, =
(n,<,BIT) andletB = {B,, | n € N}.



Proposition3 Thele are disjoint infinite recursive setsof
finite structuesC, D C B with recursiveenumeationsC =
{C; | i € N}andD = {D; | i € N} sud that for all
ne N: Cn =n Dn

Proof: Constructsequence¢’; and D; simultaneoushby
stagesasfollows. At stagen let (k,1) be the leastpair of
naturalnumbersn somestandare&numeratiormf pairssuch
thatk < I, By, =, B;, andneitherB;, nor B; appeakarlier
in theconstruction(Notethatat eachstageof theconstruc-
tion thereareinfinitely mary suchpairs(k,!), since=, is
anequialencerelationof finite index.) Let C,, = By and
D,, = B. It is easyto seethatC = {C; | i € N} and
D = {D; | i € N} soconstructedsatisfy the requisite
conditions. [ |
By Theorem3, the query C constructedn Proposition
3 is not first order definableover B, andthis fact can be
withessedy a “constructive pebblegameargument”asin-
dicated. On the otherhand,C doesnot satisfythe “mono-
tonicity” condition statedin the last sentenceof Theorem
3 - if it did, C would trivialize FO, but, asnotedabove, no
infinite recursvely enumerablesubsebf B trivializesFO.

5. Conclusions

In this paper we have established useful decidability
conditionwhich guaranteethe separatiorof FO+LFPfrom
FO on a givencollectionof finite structures.We have also
investigatedthe limitations on certain constructve proof
techniquego establishseparationsindercircumstancei
which this sufficient conditionfails to apply.
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