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Abstract

We establishthat the decidabilityof the first order the-
ory of a classof finite structures � is a simpleand useful
conditionfor guaranteeingthat theexpressivepowerof FO
+ LFP properlyextendsthat of FO on � , unifyingsepara-
tion resultsfor variousclassesof structuresthat havebeen
studied. We thenapply this result to showthat it encom-
passescertain constructivepebblegametechniqueswhich
are widely usedto establishseparationsbetweenFO and
FO + LFP, and demonstrate that thesesametechniques
cannotsucceedin performingseparations from any com-
plexity classthat containsDLOGTIME.

1. Intr oduction

Descriptivecomplexity theorystudiestheconnectionbe-
tween logical definability and computationalcomplexity.
A basic result of this theory, due to Immerman[7] and
Vardi [13], is thatfirst orderlogic supplementedwith aleast
fixedpointoperator(FO+LFP)capturesexactly thepolyno-
mial timecomputablepropertiesof orderedfinite structures.
Sincefirst order logic doesnot containany overt mecha-
nism for defining relationsby recursion,it can be shown
that over many classesof finite structuresthe expressive
power of FO+LFPproperlyextendsthe expressive power
of FO. On the other hand,the exact relation betweenthe
expressive power of FO andFO+LFPremainsa question
of considerableinterest.Kolaitis andVardi [8] conjectured
thattheexpressivepowerof FO+LFPproperlyextendsthat
of FOoverany infinite classof finite orderedstructures(the
OrderedConjecture). As it happens,either a positive or
negative resolutionof (even specialcasesof) the Ordered
Conjecturewouldhaveimportantcomplexity theoreticcon-
sequences(see,for example,Atserias& Kolaitis[1], Dawar,�
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Lindell, & Weinstein[3], Gurevich, Immerman,& Shelah
[6]).

In thispaper, weestablishthatthedecidabilityof thefirst
ordertheoryof a classof finite structures� is a simpleand
usefulconditionfor guaranteeingthattheexpressivepower
of FO + LFP properlyextendsthat of FO on � , unifying
separationresultsfor variousclassesof structuresthathave
beenstudied,see,e.g., Lindell [9]. We thenapply this re-
sult to show thatit encompassescertainconstructivepebble
gametechniqueswhicharewidely usedto establishsepara-
tionsbetweenFOandFO+ LFP, anddemonstratethatthese
sametechniquescannotsucceedin performingseparations
from any classthatcontainsDLOGTIME.

2. Background

We assumethe standarddefinitionsof a first order lan-
guage(or signature)anda structureinterpretingit. Unless
otherwisementioned,all structureswe will bedealingwith
are assumedto have finite universeandall signaturesare
assumedto be finite and relational, that is, to consistof
finitely many relationsymbols.Indeed,for definiteness,we
will assumethroughoutthat theuniverseof every structure
is an initial segmentof the naturalnumbers,unlessother-
wise noted. We write ��� to denotethe classof all finite
structuresof signature� .

An n–ary query over a classof structures	 is a map

sendingeach structure � �
	 to an � –ary relation

over � which satisfiesthe following condition: for all��������	�� if � is an isomorphismfrom � onto ��� then
�� �����
��� 
�� � �"!$# We will generallybe concernedwith
booleanquerieswhichmaythenbeidentifiedwith setsof fi-
nitestructureswhichareclosedunderisomorphismor with
thecharacteristicfunctionsof suchsets.

Wewill write FOto denoteboththesetof first-orderfor-
mulas,andalsothe classof queriesthat arefirst orderex-
pressible.If � is a collectionof structures,we write FO(� )
for thecollectionof first orderqueriesrestrictedto � . Sim-
ilar notationwill be usedfor the fixed-pointqueriesafter



they aredefinedbelow.
We write %'& � �(� for the first order theoryof � , that is,

thesetof sentenceseachof which is truein every structure
in � ; we write %'&*) � �(� for thefirst orderlimit theoryof � ,
that is, thesetof first ordersentenceseachof which is true
in all but finitely many structuresin � . Thequantifierrank
of a first ordersentence+ is themaximumdepthof nesting
of quantifiersin +,# If � and � arestructures,we saythat� is - -equivalentto � (written �/.102� ), if andonly if, �
and � satisfyexactly thesamesentencesof quantifierrank3 -4# Notethatsinceall signaturesarefinite andrelational,
for every -4� theequivalencerelation .10 is of finite index.

Let + �65 �87:9;�<#<#=#<�87?>;� be a first-order formula. On
a structure, � , + defines the operator, @BA �65 A �C�DFE6G 94�<#<#=# G >;H<I E �J� 5 A HKI �L+'� G 9;�<#=#<#M� G >N!PO . If + is an

5
–

positive formula, @ A is monotone.We mayview + asde-
termininganinductionon � thestagesof whicharedefined
asfollows: +RQA �TS ; +�U'V 9A �T@ A � + UA �W# The closure or-
dinal of + on � , denoted IXI +YIXI A , is the least Z suchthat+ UA �[+�U'V 9A # The Z]\6^ stageof the inductiondetermined
by + canbeuniformly definedoverall structuresby afirst–
orderformulawhich we denoteby + U # Thesetinductively
definedby + on � , denoted+ )A , is the leastfixed point
of theoperator@BA , that is, + )A �_+ UA � where Z`�aIXI +YIXI AB#
Wewrite FO+LFPfor theextensionof first-orderlogic with
thelfp operationwhichuniformly determinestheleastfixed
pointof an

5
–positiveformula.Thatis, for any

5
–positive

formula + , lfp
�65 �b7c94�=#<#=#M�b7:>;�d+ is a formula of FO+LFP

and �
I � lfp
�65 �b7c94�=#<#<#<�b7?>e�d+'� G 94�<#=#<#<� G >f! , if and only if,E6G 9 �=#<#<#=� G > H'�g+ )A #

3. First–Order Definability vs.
Fixed–Point Definability

We begin with a brief review of theresolutionof a con-
jectureof McColm which relatesthe expressive power of
FO andFO+LFP. The following definition wasintroduced
by McColm [10].

Definition 1 A class 	 of structures is proficient, if and
only if, there is some

5
-positive formula + such thathbikj � D IlI +'IlI A I4�_�]	�ON�,mon .

Sincethestagesof afirst orderinductionareuniformly first
orderdefinable,it is easyto seethat if a classof structures� is not proficient, thenFO+LFPcollapsesto FO over � .
McColm [10] conjecturedthattheconversealsoholds.

Conjecture1 (McColm [10]) If � is proficient, then
FO+LFP doesnotcollapseto FO on � .

While McColm’s Conjecturewas refuted by Gurevich,
Immerman,and Shelah[6], the questionwhetheror not
FO+LFP collapsesto FO on variouscollectionsof profi-
cientclassesof structuresremainsof considerableinterest.

For example,asremarkedabove, thestatusof theOrdered
Conjectureposedby Kolaitis andVardi [8] is a majoropen
problemin thefield.

Thefollowing theoremprovidesa positiveresolutionof
McColm’s Conjecturewith respectto an extensive collec-
tion of classesof finite structures.Indeed,this resultpro-
vides a uniform explanationfor many of the positive re-
sultsconcerningMcColm’s Conjecturewhich have hereto-
fore beentreatedby heterogeneousmethodsin the litera-
ture.

Theorem1 Let � be a proficientclassof finite structures.
If %'& � �(� is decidable, thenFO

� �R� p� FO+LFP
� �R�W#

We will obtainTheorem1 asa corollary of a resultof
McColm [10]. Before proceedingto the proof, note that
Theorem1 appliesto the classicexamplesof strings(col-
ored finite linear orderings)and trees(two finite succes-
sorfunctions),bothof which areproficientclassesof finite
structureswith decidablefirst-ordertheories(in fact, their
monadicsecond-ordertheoriesaredecidable).Furtherex-
amplesinclude: theclass

DqE"DNr �<#=#<#M�8��Oe�WstH�I;�u�gnYO (since
Presburgerarithmeticis decidable);theclassof finite fields
andtheclassof finite booleanalgebras.For detailsof these
andadditionalexamplessee[5], [11], and[12]. Wenotefor
thepurposesof ourdiscussionbelow thefollowing obvious
corollaryof Theorem1 which extendsits rangeof applica-
tion.

Corollary 1 Let 	 be a proficient class of finite struc-
tureswith a decidablefirst–order theory. If 	/vw	yxP� then
FO
� � x � p� FO+LFP

� � x �M#
We will derive Theorem1 from the following resultof

McColm [10]

Theorem2 (McColm [10]) If � is recursivelyenumerable
and %'& ) � �R� is complete, then � is proficientif andonly ifzR{ � �R� p� FO+LFP

� �(�W#
Theorem1 is a corollary of Theorem2 and Lemma1

below. Thefollowing propositionwill beusedin theproof
of Lemma1.

Proposition1 If %'& � �R� is decidable, then � is decidable.

Proof: This is an easycorollary of the fact that for every
finite structure��� we caneffectively constructa first order
sentence+�A suchthatfor everystructure���

�K|� �~}�� ��I �K+RA'#
It follows thatfor everycollectionof finite structures� and
for everyfinite structure�J�

������}�� ��+ A p�g%'& � �(�M#



Lemma 1 Let � be a proficient classof finite structures
such that %'& � �(� is decidable. Then, there is a ��v����
such that

1. � is recursivelyenumerable,

2. � is proficient,and

3. %'& ) �6� � is complete.

Proof: Let � be a proficientclassof finite structuressuch
that %'& � ��� is decidable.Supposethe

5
-positive first order

formula + witnessestheproficiency of � . For each��� let �4�
the first order formula � 7 � + � V 9 � 7:������+ � � 7:�8�W# Note that
for all structures�J�b�4� satisfiesthefollowing condition:

�/I ���4��}�� IlI +YIlI Ao� ��#
Let � � be an effective enumerationof all first order sen-
tencesandlet � � beaneffectiveenumerationof � (observe
that Proposition1 implies the decidabilityof � ). We pro-
ceedto effectively enumeratea sequenceof structures� �
to satisfy the conditionsof the lemma. The idea will be
to effectively searchtherefinementtreeof finite extensions
of %'& � ��� for the leftmost infinite branchconsistentwithD �4��I(����nYOe# This will leadto an effective enumeration
of structuressatisfying the conditionsof the lemma. To
eachbinary sequence� of length ��� we associatea con-
junction �R� of the sentences��9N�=#<#<#=�b� � or their negation:
if � �6� ��� r � then ��� is aconjunct,andif � ��� ���_��� then �R���
is aconjunct.Now, we call a sequence� of length

3 � live
at stage� of our construction,if �R�2��� � is consistentwith%'& � �(� . Note that the relation“ � is live at stage� ” is de-
cidable,since %'& � �R� is decidable.Considerthe tree � � of
all live sequencesat stage� andlet � � be its leftmostleaf
on a pathof maximal length. Note that the heightsof the
trees�c� arestrictly increasingasa function of ��� since +
witnessestheproficiency of � . Wechoose� � to bethefirst
structurein ourenumerationof � whichsatisfies� �=� ���4�:#

It follows directly from the constructionthat � �D �1�:I � ��nYO satisfiesconditions1 and2 of the lemma,in-
deed, + witnessesthe proficiency of � . In orderto verify
condition3, we argueasfollows. We write

� ��Ik��� for the
initial segmentof thesequence� of lenth � and �¢¡y£ for the
extensionof � by £4# It sufficestoshow thatfor every ��� there
is an Z suchthatfor every Z¤x�moZ�� � � U'¥ IN����� � � U IN���M#
We proceedto prove this by induction on ��# Suppose,
as induction hypothesis,that for every Zgx¦m�Z�� � � U'¥ I����� � � U I'���M# Now, supposethat for every Z x mTZ����§ �f¨Y© �;ª �]��� V 9 �¤� U'¥ is consistentwith %'& � ��� . Then,for
every Zgxcm«Z¬sg��� � � U'¥ IN�Bs¤�N��� � � U IN���N¡ r # Otherwise,
for some­]m«Z®�M��§ �f¨�© �;ª �1��� V 9 �1� > is notconsistentwith%'& � �(� . In thiscase,for every Z¤xcm�­¢s«�e� � � U ¥ IN��so�f���� � U I4���y¡ ��#

Thefollowing propositionindicatesthattherangeof ap-
plicationof Theorem2 is wider thanthatof Corollary1.

Proposition2 There is an infinite recursive set of finite
structures � with thefollowing properties:

1. � is proficient,

2. %'& ) � �(� is complete, and

3. if ¯�v�� is infinite, then %'& � ¯(� is undecidable.

Proof: We begin by introducingan encodingof finite sets
of naturalnumbersinto binary string structures.Let

� �D �(9f�=#<#=#<�b��>qO where�(9 °o�y±t°²#<#=#k°«��>q# We code
�

by a
structure� ³t# Thesignatureof �¢³ consistsof abinaryrela-
tion ´ andaunarypredicateµ'# Let ¶�� �P· ­�¸��N�4s�¹ >�lº(9 � � #
Theuniverseof � ³ is theset

D �e�<#<#=#d¶»Oe#F´ is interpretedas
thesuccessorrelationon theuniverseand µ holdsof ¼ un-
less¼�� ·�½ s®¹ ¾�lº(9 �y�8� for some� 3 ½ °�­:# Intuitively, �¢³
codes

�
asa tapewhoseentriesarethe unaryrepresenta-

tionsof theelementsof
�

in increasingorderseparatedby
blanks.

Let ¿ � D � � I � �ÀnYO be an increasingchain of
finite subsetsof n�� that is, for all

� � � � v � � V 9 # We
write �yÁ for

D � ³�Â I � �[nYOe# Observe that since ¿ is
a chain, for every Z®� there is an � such that for every�yx¤mÃ��� � �]Ä Dfr �<#=#<#M�8Z�O�� � � ¥ Ä DNr �<#=#<#W�8Z�OF# It fol-
lows from this observation and the Hanf locality theorem
(seeFagin,Stockmeyer, & Vardi [4]) that for every - there
is an � suchthat for every �yxYmÅ���8�¢³ � .10��¢³ � ¥ # It fol-
lows at oncethat %'& ) � � Á � is complete. Moreover, it is
easyto seethat if ¿ is infinite, then � Á is proficient, for
example,the inductionwhich definesthetransitive closure
of ´ witnessesproficiency.

Let �²ÆRnÈÇÉ~n�� andlet
��� �?�8����� D � � r �W�<#=#<#M�»� � ���WOe#

Let ¿�ÊË� D ��� �?�8���]I(����nYOF# Clearly, ¿�Ê is a chainof
finite subsetsof n�# Now, suppose� is an injective recur-
sive function whoserangeis not recursive. We claim that���À� Á�Ì satisfiesthe conditionsof the proposition. It is
clearfrom the precedingargumentthat � is proficientand%'&*) � �R� is complete. It is easyto verify that � is recur-
sively enumerablein increasingorder(undera suitableef-
fective encoding),since � is injective andrecursive. It fol-
lows at oncethat � is infinite andrecursive. It is alsoeasy
to verify thatfor any infinite ¯�v���� thecomplementof the
rangeof � is 1-1reducibleto %'& � ¯(� . It followsatoncethat%'& � ¯R� is undecidable.

4. Tri vialization and Separability

Intuitively, when %'& ) � �(� is complete,FO is trivial over� , that is, every first orderbooleanqueryover � is either
finite or cofinite.

Definition 2 1. A booleanquery



is trivial on 	 if either
 Ä 	 or 	¤¸ 
 is finite.



2. 	 trivializesa collectionof queries Í , if and only if,
every


 �ËÍ is trivial on 	�#
3. A collection of queries Í is effectively trivializable

over � , if andonlyif, thereis aninfiniter.e. setof struc-
tures � x vÎ	 which trivializesit.

Onepopulartechniquein finite modeltheoryfor establish-
ing thatagivenlogic Ï doesnotcollapseto FOoveragiven
classof structures� , is to show thatsomesubcollectionof� trivializesFO while someÏ -queryis nontrivial over that
subcollection.Thefollowing theoremshows that this tech-
niqueis universallyapplicable.

Definition 3 � and � are first order inseparable, if and
only if, there is no first order sentence+ such that ��vÐ¦ÑÓÒ � +�� and � Ä Ð¦ÑÓÒ � +�����Sk#
Note thata query



is not first orderdefinableover a col-

lectionof structures� , if andonly if,

 Ä � and �g¸ 
 are

first orderinseparable.

Theorem3 Thefollowingconditionsare equivalent.

1. � and � are firstorder inseparable.

2. There are sequences
DNÔ �gI � �_nYOÎv`� and

D � �¤I� ��nYO«v�� such that for all �Õ��n�� Ô �².1� � �:#
Moreover, thesesequencesmaybe chosenso that for
all Z��b���]n��b� 3 Z[É Ô ��.1� Ô U #

Proof: Sinceour languagescontainno function symbols,
for each��� theequivalencerelation .1� hasfinite index, and
eachof its equivalenceclassesis definedby a singlesen-
tenceof quantifierrank ��# We sayan equivalenceclassof. � is good,just in caseits intersectionwith both � and �
is nonempty. Supposethat for some � , . � hasno good
equivalenceclasses.Let � be the disjunctionof the sen-
tencesdefiningequivalenceclasseswhich have nonempty
intersectionwith � . Then,

Ð�ÑqÒ � �e� separates� and � . So,
for every ���Y. � hasgoodequivalenceclasses.We form a
directedtree � from thegoodequivalenceclassesof the . �
for �Ë�¦n asfollows: thenodesof thetreearepairs

E ¿��8��H
where ¿ is a goodequivalenceof .1� ; E6Ö �bZ¦H is a child ofE ¿��8��H , if andonly if Z[����s�� and

Ö vo¿�# Observethat� is an infinite, finitely branchingtree. Hence,by König’s
Lemma,� hasaninfinite path

DFE ¿��:�b��HYI4���¤nYOe# We may
now pick

Ô �]� � � Ä ¿��k� and
� ��� � � Ä ¿��k� to satisfythe

conditionsof thetheorem.

Corollary 2 A booleanquery



is not first order definable
over a classof structures � , if andonly if, there is a �«v��
such that %'&*) � ��� is complete(i.e. � trivializesFO), but



is not trivial on � .

Theprecedingcorollarysuggeststhatit would beuseful
to be able to constructclassesof structuresthat trivialize

FO in orderto prove separationsof descriptive complexity
classesfrom FO. If suchconstructionsareeffective, thatis,
give riseto effective trivializationsof FO, thentheapplica-
bility of thismethodis severelylimited with regardto com-
plexity theoreticseparations,asthefollowing resultsshow.

Theorem4 There is no infinite r.e. classof finitestructures	 such that 	 trivializesDLOGTIME.

Proof: The idea will be to recursively definethe compu-
tation of a booleanquerywhich alternatesits truth values
infinitely often over � . Let × be a machinewhich gen-
erates,in tally notation,the sizeof structuresin 	 , writing
over its previous outputs. Let × � ��� denotethe lengthof
themaximumcompleteoutputof × after � steps(n.b. that× � ���J°�� ). Definethe spectralquery



on 	 , which de-

pendsonly on size,asfollows (herewe identify



with its
characteristicfunction).Let


�� I �ØI ���
Ù r ÚXÛ × �P½6ÜfÝ I ��I � Ú h S�Y¸ 
�� × �6Þ Ñeß I �ØI �b� Ñ�à &ká=â8ã Ú h á

Observe that



runsin time ä �6Þ Ñeß I �ØI � . Now supposethat

is constantfor all I �ØI � � x . Thenwe know that thereis

an Zgx suchthat × � Z¦� � �yx for all Z � Z¤xP# Now sim-
ply consider � x��Å� with I �¢x"I � · U ¥ . By construction,
�� I �¢xåI �¤p� 
�� × ��Þ Ñ�ß I �¢x"I �b�M� which contradictsthat



was

constantbeyond �yxP#
It is well-known that on classesof structuresequipped

with the “built-in” arithmetic relationsBIT and ° first–
orderlogic sufficesto expressall DLOGTIME computable
booleanqueries,aresultdueto Barrington,Immerman,and
Straubing[2]. In the following theorem,LH refersto the
LOGTIME hierarchy, thebottomlevel of which is DLOG-
TIME.

Theorem5 (Barrington et al. [2]) æ(çK� FO
�PèBé %t�<°¢�W#

In light of Theorem5 andtheabovediscussion,Theorem
4 hasthe following significance.It shows that Theorem2
cannotbeusedto separateP from FO overclassesof struc-
tureswhichhavetheresources,eitherexplicit or implicit, to
interpretenougharithmetic.Thisholds,in particular, for the
“bare” class

DFE ���<°2� è,é %YHØIk� �¬êuOF# In addition,it shows
thatCorollary2cannotbeeffectivized,thatis, theappealing
separationtechniqueenshrinedin thecorollaryis no longer
universal,if requirementsof effectivity areimposed.

ThoughTheorem4 doesestablisha sharplimitation on
the useof effective trivialization asa separationtechnique
in descriptive complexity theory, it doesnot precludethe
possibilitythatmoregeneralconstructivepebblegametech-
niquescouldsucceedin effectingseparationsfrom descrip-
tive complexity classescontainingDLOGTIME. The fol-
lowing propositionillustratesthis possibility. Let � � �E ���=°2� èBé %YH andlet ¯�� D � � IN���gêËOe#



Proposition3 There are disjoint infinite recursive setsof
finitestructures ���=�ov²¯ with recursiveenumerations ���DNÔ � I � �ëêuO and �Å� D � � I � �ëêuO such that for all���¦ê¦� Ô ��.1� � �:#
Proof: Constructsequences

Ô � and
� � simultaneouslyby

stagesasfollows. At stage� let
� ­:� ½ � be the leastpair of

naturalnumbersin somestandardenumerationof pairssuch
that ­�° ½ ��� > .1��� ¾ � andneither� > nor � ¾ appearearlier
in theconstruction.(Notethatateachstageof theconstruc-
tion thereareinfinitely many suchpairs

� ­:� ½ �W� since . � is
anequivalencerelationof finite index.) Let

Ô � �Å�1> and� � �T� ¾ # It is easyto seethat �/� D4Ô �]I � �_êuO and�ì� D � ��I � �wêuO so constructedsatisfy the requisite
conditions.

By Theorem3, the query � constructedin Proposition
3 is not first order definableover ¯ , and this fact can be
witnessedby a “constructivepebblegameargument”asin-
dicated.On theotherhand, � doesnot satisfythe “mono-
tonicity” conditionstatedin the last sentenceof Theorem
3 - if it did, � would trivialize FO, but, asnotedabove,no
infinite recursively enumerablesubsetof ¯ trivializesFO.

5. Conclusions

In this paper, we have establisheda usefuldecidability
conditionwhichguaranteestheseparationof FO+LFPfrom
FO on a givencollectionof finite structures.We have also
investigatedthe limitations on certain constructive proof
techniquesto establishseparationsundercircumstancesin
which this sufficient conditionfails to apply.
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