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Basic definitions

Let A be a model (a logical structure).
* Satisfaction: A E Y Pis true in A.
Example: (D,<) £ Fy)(Vx)[y < x]
(D is finite)

Let T be a theory (a set of logical sentences).
* Deduction: Ty P is proved from T.
Example: Tis the theory of a strict total order.

THM)WY[x<y-y<x]
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Completeness

Theorem [Gédel]: profound correspondence
These are equivalent:

e semantic validity (truth) T =
Every model of T is a model of .

* syntactic validity (proof) T + ¢
There is a proof of i from T.

Compactness theorem

Theorem: A set of first-order sentences has a
model if and only if every finite subset does.
Proof: follows from completeness via deduction
Corollary: if a sentence has arbitrarily large
finite models, then it has an infinite model.
Idea: consider the theory consisting of the
original sentence together with sentences that
express increasingly large cardinality.

Models of computation

Sequential model — single processor (automata)
* Data is processed serially
* One-at-a-time access to memory

Concurrent model — multiple processors with
read/write access to a common memory (CRAM)

* Data is processed in parallel
* Simultaneous access (must resolve conflicts)

Why be concerned?

* Growth rates — need to process large data sets

n logn n? 2"

1 0 1 2

2 1 4 4

5 2 25 32

10 3 100 1024
20 4 400 1048576
50 5 2,500 1.3 10%
100 7 10,000 1.27 10%°
1000 10 1,000,000 1.07 1030t
106 20 1,000,000,000,000 hopelessly large




1/23/2010

Complexity Classes

* Precise definitions only matter for linear cases
because models turn out to be all equivalent.

Sequential Space Concurrent Time

0(1) constant-space constant-time
O(log n) Logspace (A)logtime

0O(n) linear-space linear-time

o(n*) PSPACE Polytime

Graphs are universal

Given a query in any vocabulary, it can be
translated into an equivalent query over
(directed) graphs. A simple example would be a
query over binary words (a linear order with a
single monadic predicate). The idea is to
perform a simple translation from one
vocabulary to the other which is first order
definable in both directions.

Translating binary strings to graphs

1 0 1 0

p
<0< @< 0
d0,1,2,3}, <, U0 0,1, 2,3}, EO
p:  E(u,v) U u<vU[u=v@uu)]
pl x<y U x, yODE(x,y)
pt U(2) U £z 2)

Diagram

Definition: The diagram of a finite graph is a first-
order sentence which describes it completely.

MES;, M =6={ay,.., a,},E)

6G = E|x1 ...xn/\xi ;txj&Vy \/ y =X

i*j 1<ksn
E(Xi,Xj) /\ —|E(xl-,xj)
GeE(ajaj) GHE(ajaj)

Boolean queries on graphs

Let K be the collection of finite directed graphs.
l.e. each G = &/, ES3in K is of the form

Ve={1,.,n} EG] V63 V@
Definition: A Boolean query Q on K'is an
isomorphism-closed subset of K, i.e., Q1 Kand

forallG,HI K,

G@4Y (GI QU HI q)

Definable queries
Logic provides a natural means for classifying
queries. Let p[K] = {G € K : G = ¢} be the

Boolean query defined by a sentence ¢ over K.

Definition: A Boolean query Q is elementary if it
is definable by some first-order sentence. .e.VG

GeEQoGEP e Q=o¢lK]
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Trivial properties

A query over the class of finite models F which is
finite or co-finite: |Q| <&;or |[F-Q]| <®@.

Fact: Every trivial query is elementary.

Proof: Q s first-order definable via the
sentence:

Vgeg8a if Qs finite, or
Ngeo 1186 if Q is co-finite.

The theory of finite linear ordering

* The sentences true in all finite linear orders:
A = {6:(D, <) E & for all finite D}
(closure under finite consequence)

* Every infinite model looks like: (W any order)

0w+ WX (0w +w)+ o

* All of them are elementarily equivalent, i.e.
they satisfy the same first order sentences.

Infinite models of D

T=AU{3x ...xn/\xi #xi:n=12.}
i£j
is complete. |.e. for every g either X = 0 or £ £ —0.

Theorem: Over D, every first-order sentence is
eventually true or eventually false (i.e. trivial).

Proof: apply compactness

Corollary: The query EVEN consisting of even length
linear orders is not elementary.

Parity

Definition: A binary string s; O §),@ said to have
even parity ifs; A O §),=0.
Corollary: PARITY is not elementary.

Proof: a binary string of all ones, i.e. " x U(x),
has even parity if and only if its length is even.

Harder: What about sparse strings? l.e. the
possibly easier problem of computing the parity
of a string with very few ones, all of which are
(very) far apart.

Sparse parity FO(<)

Consider the class C of finite structures of the

form &, <, Pdwhere P1 A, and |P| « |A]. Let
STh(C) together with P(min), P(max), the

axioms for P being infinite, and that the

elements of P are infinitely far apart. Clearly, Sis

finitely consistent with arbitrarily large even and

odd parity finite models.

Lemma: Sis complete.

Corollary: Sparse parity is not first-order over C.

Proof using saturated models

Proof: Consideran, ;-saturatednodelA = @A, <, Pdof S. Let D bethe
theory of infinite discretelinear orders(with endpoints) Observethat
the substructuré® = &P, <dof A is an¢, ,-saturatednodelof D, because
we canrelativizethe typesin A to P. For adjacenip andqin P, let [p,
q betheintervaIT(aI A:p<ac<gd} andseethatdp, ], <disang, ;-
saturatednodelof D, for thesamereason

We aim to showthatany two ¢, ;-saturatednodelsA andA' of S are
isomorphic SinceD is complete the respectivesaturatedsubstructures
P andP' areisomorphic,sayby f. To extendthe isomorphismnotice
thatfor eachal A\ P thereareadjacenp andqin P suchthatp<a<
g (sincethis propertyis a first-ordersentencen Th(C)), and similarly
f(a) is in betweenadjacentf(p) and f(g) in P'. Again, since D is
complete,and becausehe modelsare saturateddp, q], <6 @{f(p),
f(g)], <a Thereforef canbeextendedo all of AandA'.
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Elementary non-definability

Lesson: Standard techniques from model theory
such as compactness and completeness can be
used to show that a property of finite models is
not first-order definable.

Outline of method using nonstandard models:
Every nontrivial first-order sentence has infinite
models which make it true and false (not
simultaneously!). Find a way to complete the
infinitary theory while preserving non-triviality.

Elementary reductions

Say P < Qif P can be first-order defined using Q.

Examples: acyclicity, connectivity < TC
("2)xE(z,2) (" xy)E'(x.Y)
Exercise: parity < connectivity, acyclicity. Hint:

use the historical switching circuit over ordering.

Corollary: transitive-closure T FO.

Proof: PARITY is not elementary, and parity <
acyclicity, connectivity < transitive-closure.
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Path problems are not elementary

Questions: What about undirected reachability?
+ REACH(a, b) U there is a path from ato b
Exercise: REACH is not elementary. Hint: go back
to the switching circuit and utilize the minimal
and maximal elements.

* How about defining a connected component?
Given a simple graph and an identified vertex,
find all the nodes connected to it. Is this in FO?

Second-order logic

We concentrate on the purely existential (21)
and purely universal (I1}) fragments. The
monadic fragment is restricted to quantification
over subsets (mX1 and mIT}).

Exercise: Parity over binary strings aB, <, Ud
Hint: Introduce a set S such that between
adjacent elements of S, there are exactly two
elements of U (deal with endpoints separately).

Write this as a formula in both mx} and mIT}.

Undirected acyclicity is in mIT}
There is no 2-regular (finite) subgraph:
—3S+#@vveSI?ues E(u,v)

Idea: It is enough to say the relativized degrees
are at least two. This guarantees a cycle if the
graph is finite. On the other hand, if there is a
cycle then a minimal one is a 2-regular
subgraph.

Undirected Connectivity is in mIl}

vD 3xD(x) A 3y-D(y)
- 3x,y D(x) A=D(y) NE(x,y)

Idea: there is always an edge between the two
pieces of any non-trivial partition of the graph.

* Not in mX}.

What about “in same connected component”?
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Reachability in mIl1}

Query: Can node b be reached from node a
along edges in a graph G?
Express over all (in)finite (un)directed graphs as:

* Every closed set containing a also contains b.

Definition: Cis closed if it is closed under
outward edge extension:

VxVy[C(x) AE(x,y) = C(¥)]
Theorem: NOT in m21 [Fagin].

Undirected reachability in mX1

This works for finite simple graphs:

* There is a chain between a and b.

Definition: Cis a chain between g and b if:
Cla) AF™x C(x) NE(a,x) A
CBYANTTLy C(Y) AE(y, D) A
Vz#a,bC(z) > 372x C(x) NE(x,2)

C might have cycles, but must have a path a~b.

Conversely, a shortest path is valid (no bridges).
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Reachability on infinite graphs

Exercise: explain what can go wrong in an
infinite graph

Answer: we could get a situation where
separate disconnected paths extend out
infinitely from each endpoint:

a-e-e.. ..e—e-p

AL =31nml

* Beth definability implies that if a property is
both £} and I1} definable over all (finite and
infinite) structures, then it is a first-order
definable.

* However, over finite structures (even without
ordering):

A} =31 N1} =NP N co-NP

* the monadic fragment connects with

automata theory

Connections with automata theory

* Over words (S1S), the monadic second-order
hierarchy collapses to its lowest level:

Theorem: Over S1S, mAL = mSO.
Proof: from classic NFA to DFA construction.
REG = FA =mSO
star-free REG = FO
* This is also true over trees (S2S).

Finite-visit automata

Consider extended model over words (or trees):

Definition: Two-way (non)-deterministic head

which visits each ‘square’ < k times (for fixed k).

Fact: This is no more powerful than an ordinary
single-pass DFA (in-order traversal of tree?).

Proof: Write down the description of a
computation in mSO (even works for bounded-
alternation, and even if the head can write!).

* robust characterization of regular languages
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Explicit definability

Classically, a query R(xy, ..., X,) is said to be
explicitly definable over a class of structures K if
there is a first-order formula g(x, ..., x,) such
that for all Ain K:

AE VX ..xy R(x1 .. xp) © 0(xq ... xp)

Examples: successor relation over a linear order;
graphs that contain a k-clique for a fixed k.

Boolean queries

A special case of an n-ary query, when n = 0. E.g.

Boolean variables are technically nullary
relations, i.e. subsets of D° = {@#}

@ {9}
FooT
0o 1

Thus, Boolean queries are defined by sentences.
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Implicit definability

Classically, an n-ary query P is implicitly
definable over K if there is a first-order sentence
S(P) with a free n-ary relation variable which
characterizes it uniquely. l.e. forall Ain K,

A E 3l Pa(P).

If this definition holds over all models of a given
theory (including infinite), then Beth’s result
implies that P is explicitly definable.

* Find a generalization for multiple solutions?

Generalized implicit definability

An alternate definition that emphasizes the
implicit nature of joint universal and existential
definitions. R(x,, ..., X,) is implicitly definable if:

(i) Ae@pP)(P)
(i) AEP)T(P) » Vx[o(P,x) & R(X)]

Idea: all solutions project to a unique result.

Inductive definability

Using recursion in first-order formulas.
Example: over simple graphs.

Use the transitive closure induction from a fixed
source to ‘compute’ the connected component:

Sx) « (x=a) USyGs(y) @lx, y)

S is the recursively defined relation, using LFP.

Parity in fixed-point logic

0(x) _ odd

O {y <x:UMM}lis ven
©o(x,0,E)=x=minAU(x) vV

E(pred(x)) AU(x) v O(pred(x)) A =U(x)

Exercise: define @g similarly

* Now compute simultaneous fixed-points:
10y ) ) .. odd
— (max) & parity of entire string is
PE ev




