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Motivation 

algorithms to compute ↔ formulas to describe 

 

complexity theory ↔ finite model theory 

 

Is G Hamiltonian? 

 

machine independence 
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Finite Structures 

finite set S  |S| = n  

 

Take various relations aR Sa to form a 
vocabulary (models in a fixed signature). 

 

• {2<, 1U1, … 1Uk} word models (strings) 

• {2E}   directed graphs 

• {<}   binary strings (special) 
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Directed Graphs 

𝑉, 𝐸  is a graph with vertex set V, and edge set 

𝐸 = 𝑢, 𝑣 ∶ 𝑢 → 𝑣  

Simple graph: the property that E is: 

 1.  Symmetric (undirected) 

 2.  Irreflexive (no self-loops) 

Total linear ordering: the property that E is: 

 1.  Completely anti-symmetric (a full line) 

 2.  Fully transitive (contains all shortcuts) 
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Binary Strings 

1 0 1 0: 

𝑤 = 𝑏1 ∙∙∙∙∙∙∙ 𝑏𝑛  𝑏𝑖 ∈ 0,1  

1,… , 𝑛 , 𝑖, 𝑗 ∶ 𝑖 < 𝑗 ∪ (𝑖, 𝑖) ∶ 𝑏𝑖 = 1  

i.e. B, < where <  <  ≤ is a total linear order 

< < < 
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Logical Formulas 

variables: 𝑥1, … , 𝑥𝑘, … 

predicates: 𝑅 𝑥 , 𝑥𝑖 = 𝑥𝑗 

Boolean operators: ¬ , ∧ , ∨ 

 

Quantification (existential or universal) over 

• variables (domain) is first-order: ∃𝑥, ∀𝑥 

• predicates (relations) is second-order: ∃𝑅, ∀𝑅 
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First-Order Queries 

𝐺 = 𝑉, 𝐸  is simple iff: 

∀𝑢, 𝑣 ∈ 𝑉  
𝑢𝐸𝑣 → 𝑣𝐸𝑢   ∧
∀𝑣 ∈ 𝑉 ¬ 𝑣𝐸𝑣

   

 

𝑆 = 𝐵, <  is a valid string iff [n.b. < is really <]: 

 

∀𝑎, 𝑏, 𝑐 ∈ 𝐵  
𝑎 ≠ 𝑏 → 𝑎 < 𝑏 ⨁ 𝑏 < 𝑎

𝑎 < 𝑏 < 𝑐 → 𝑎 < 𝑐
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Parse Tree for FO Formula 

u, v  V [uEv  vEu]    v  V  (vEv) 

u v 

 

v  

E 

v v 

 

E 

v u 

E 

u v 
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Second-Order-Queries 

3-colorability on graphs: 

∃ 𝐴, 𝐵, 𝐶 ⊆ 𝑉 𝐴 ∪ 𝐵 ∪ 𝐶 = 𝑉 

 𝐴 ∩ 𝐵 = 𝐵 ∩ 𝐶 = 𝐴 ∩ 𝐶 = ∅ 

& 

∀𝑢, 𝑣 ∈ 𝑉 ,𝑢𝐸𝑣 → ¬ 𝑢 ∈ 𝐴 ∧ 𝑣 ∈ 𝐴 ∧ 

 ¬ 𝑢 ∈ 𝐵 ∧ 𝑣 ∈ 𝐵 ∧ 

 ¬ 𝑢 ∈ 𝐶 ∧ 𝑣 ∈ 𝐶   - 

3-colorability is NP-complete (difficult to compute) 

 
1/22/2010 ISLA 2010 9 

Cyclic “formulas” 

A formula whose parse “tree” is cyclic: 

 

Defines E+, the 

transitive 

closure 

 
𝜑 𝑥, 𝑦 = 𝑥𝐸𝑦 ∨  
∃𝑧 ,𝑥𝐸𝑧 ∧ 𝜑 𝑧, 𝑦 - 

 

 

 ∃𝑧  𝑥𝐸𝑦 

 𝑥𝐸𝑧  𝑥 ← 𝑧 
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Trees 

Simple, connected acyclic graphs 

 

𝐺 = 𝑉, 𝐸  is a tree iff G is simple (FO) and 

 
∀𝑥 ∀𝑦 𝑥𝐸+𝑦
connected

∧ ∀𝑧 ¬(𝑧𝐸+𝑧)
acyclic

 

 

• “Treeness” is in time linear in |V| + |E| (DFS) 
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Transitive Closure 

Define 𝐸+ to be the smallest relation satisfying: 

𝑥𝐸+𝑦 ⟺ 𝑥𝐸𝑦 ∨ ∃𝑧 𝑥𝐸𝑧 ∧ 𝑧𝐸+𝑦  

Inductive Definition [Y. Moschovakis] 

• Basis:  𝐸0 = ∅; 𝐸1 = 𝐸 

• Induction: 𝐸𝑖+1 = 𝐸 + 𝐸 ⋅ 𝐸𝑖  

• LFP:  𝐸+ = 𝐸𝑛+1 = 𝐸𝑛 𝑉 = 𝑛 

(Least-Fixed-Point construction) 
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Least Fixed-Point Logic 

A first-order S-positive formula 𝜑 𝑆; 𝑥   𝑥 = 𝑙. 

Given 𝔄 = 𝐴, 𝑅,…  with |A| = n and 𝑆 ⊆ 𝐴𝑙  let 

,𝜑(𝑆)-𝔄= *𝑎 ∈ 𝐴𝑙 ∶ 𝔄 ⊨ 𝜑 𝑆, 𝑎 + 

Inductive definition – Least-Fixed Points (LFP): 

𝜙 = 𝜑0 ⊆ ⋯𝜑 𝜑𝑖 = 𝜑𝑖+1 ⊆ ⋯𝜑∞ = 𝜑 𝜑∞  

• the maximum number of stages is nl. 
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Partial Fixed-Point logic 

Relax positivity – Partial-Fixed Points (PFP): 

𝜑∞ =  
 𝜑𝑛+1 =  𝜑𝑛, if such an 𝑛 exists
 ∅,                    otherwise

 

• more difficult to compute, but still doable 

Other possibilities: inflationary fixed-points (IFP) 

Theorem: IFP = LFP over all structures [Kreutzer] 
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Query complexity 

A query is an isomorphism-closed collection of 
structures 𝒦: if 𝔄 ∈ 𝒦 and 𝔄 ≅ 𝔅 then 𝔅 ∈ 𝒦. 

Definition: 𝒦 can be described in a language ℒ if 
there is a 𝜑 ∈ ℒ such that for all structures 𝔄: 

 

     𝔄 ⊨ 𝜑 ⟺ 𝔄 ∈ 𝒦 

 

Examples: ℒ is first-order or second-order logic. 
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Computational complexity 

Definition: 𝒦 can be recognized in a class 𝒞 if 
there is a machine M such that for all 𝔄: 

 

𝔄
encoding

𝑤
bits
𝑀 →  

yes    𝔄 ∈ 𝒦
no     𝔄 ∉ 𝒦

 

 

and 𝐿𝑀 = *𝑤 ∶ 𝑀 accepts 𝑤+ ∈ 𝒞. 

However: M must be isomorphism invariant! 
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Polynomial Time 

Definition: M is polytime if it runs in O(nk) steps. 

 

Ptime = *𝒦 ∶ 𝒦 is recognized in P+ 

 
FO + LFP ⊆ Ptime 

FO + LFP (<) = Ptime 

[Immerman, Vardi] 

Problem: order invariance is undecidable! 
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Polynomial Space 

Definition: M is polyspace if it uses O(nk) cells. 

 

Pspace = *𝒦 ∶ 𝒦 is recognized in PSPACE+ 

 

FO + PFP ⊆ Pspace 

FO + PFP (<) = Pspace 

[Abiteboul, Vianu, Vardi] 

Same problem: order invariance is undecidable. 
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Complexity Classes 

 

 

 

 

 

PSPACE = P   ⟹  NP = P 

NP = P  ⇔  PH = P 

PSPACE 

Δ2
𝑃 

······ 

Σ1
1 = NP co-NP= Π1

1 

P 

PH 
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Ptime not r.e.    ⟹    P ≠ NP! 

Define Phier to be those queries computed by a 
non-deterministic, bounded-alternation M in P. 

 

Phier = SO  no restrictions! 

NP = Σ1
1     [Fagin] 

 

These are recursively enumerable (i.e. effectively 
describable) logics. [Chandra & Harel] Is Ptime r.e.? 
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Canonical Labeling 

𝐺 → 𝑀 → 𝐺   labeled, such that 𝐺 ≅ 𝐻 ⟺ 𝐺 = 𝐻  

 
Fact: 𝑀 polytime  ⟹  Ptime r.e. 

Proof: enumerate all clocked polytime machines Mi  

𝐺 → 𝑀
𝐺 
→ 𝑀𝑖 → graph property 

Every query in Ptime is covered.  

   

 ∃𝑀 in ∆2
𝑃⊆ PH.    ∴ P = NP⟹ Can. ∈ P. 
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Canonization Problems 

Binary Strings   FO (non-trivial) 

Trees and planar graphs Logspace 

Graphs    in ∆2
1  and here’s how 

(∃  )(∀  ) 𝐺 ≤ 𝐺  Σ2
1 

(∀  )(∃  ) 𝐺 ≤ 𝐺   Π2
1 

 

P = NP ⟹ Can. ∈ P ⟹ Ptime r.e. 
⟸ 

𝑐𝑜𝑚𝑝𝑢𝑡𝑎𝑡𝑖𝑜𝑛

? ⟸ 
𝑙𝑜𝑔𝑖𝑐
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Surprising results 

What can we say without the ordering present? 

Can logical definability influence complexity? 

Theorem [Abiteboul & Vianu]: 

FO + LFP = FO + PFP  ⟺  Ptime = Pspace 

FO + LFP = FO + PFP⇂Ptime ⟺  Ptime = Pspace 

 

Also [Dawar, Lindell, Weinstein] using bounded-
variable techniques in finite model theory. 
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