Least-square estimation of parameters - theory p.-10of10

1) Some key concepts:
Physical experiment - measure the relation between a number of experimental variables..

Variables may be:
- controlled by us (common in Chemistry)
- not-controlled by us, but selected by us (common in Astronomy and Geology)
- determined by physical laws from other variables (dependent variables).

Example: Certain amount of gas in closed cylinder with piston. Independent variables =
Vand T. Dependent variable = P. The choice of dependent variable depends on the
experimental setup.

Functional Form: for example P = ¢ T/V, where c is a constant parameter. A proposed
functional form may be derived from what is beleived to be fundamental physical or
chemical laws, or it may be empirical, or somewhere in between. It is customary to
write the dependent variable as a function of the independent variables and parameters.

Least Squares Estimation of Parameters - a method of estimating parameters for a
functional form which is assumed to be the correct description of the dependence of one
(or more) variables on one or more independent variables.

Notation: ~ x denotes independent variable; y denotes dependent variable.
0 denotes a generalized parameter. fdenotes generalized function.
So ...y =f(x; 8). (There may be several different x (xq, X,, etc.) or 6.)

2) Some examples of least squares estimation of parameters

Determinin Ké's from titration data:

Determine pK,'s for polyprotic weak acid
H,L.
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9.0

8.0

Natural to consider pH to be dependent
variable. Vp e is independent variable.

pH = pK(a)
at V(end)/2

T 7.0
6.0 :
> P yend) PH = f (Viase; Vinitial DL N1 origr PKa1, PKa,
3.0 ;/ (R4 pkan)-
2.0 + t
° ° 10 1o 2% | Sometimes some parameters are known
V(b) (mL)

pretty well, but you may want to change
them later (such as ny and nyy gg).

Note that it is easier to calculate V},,¢e from pH rather than vice versa. So some people
consider Vp4ee as dependent variable; pH is independent. (cf. Chem 100/101 lab)
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Determining rate constants for exponential decay

Say the concentration of a species is
monitored by observing the absorbance of
1.0 prr e g Jight at a certain wavelength (remember
| A, =0.95 Beer's Law). Further, assume one colored
species reacts to form a second colored
species in a first-order reaction (exponential
decay).

0.9
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Abs=A_ + (A, - A,,) ekt

fbsarbance

0.7 Ao= 0.56

Independent variable = t

0.6
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Dependent variable = Abs

0 N
0.5 0ot bt ot b, 1] Parameters = Ag, A, k(rate constant)

4 8 12 16
Time {(minutes)

o

[Abs = f(t; A,, Ao, k)]

Determining bond distances from EXAFS spectroscopy:

nAck) . ow y
I LILBLILI | LB I LI I LELILIL I Id LI | L I LILBLILI | LILILIL LILBLILI | LILBLLI I — + '
b) ¢ iy X2 exp(2642k2) sin[2k r+ o ()]
6 °° %
¢ o The independent variable is k. The
4 P\ : " dependent variable is x (EXAFS).
m:' 2 [X = f(k/ n,r, Gd)]
E 05 % The parameters are n, r and 64 (number
HOE % of atoms around the X-ray absorbing
2E : "a_o 3 atom, average bondlength and the
3 .‘ A ° - vibrational and static disorder). (Here ¢
- 3 ., % is not a statistical e.s.d.)
-6 E— . A(k) and ou(k) are tabulated functions
> n p o 0 o (for any value of k, can look up).

Photoelectron wave vector: k (A’l)

Start with data set: ca. 200 pairs (k, y).

The goal is to determine n, r and 64 as those parameters that give the "best" fit to data.
(In graph, solid fit looks better than dashed fit, but how do we quantitate this?)
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3) Start with a simple linear least-squares problem:

What is the best line fit to the data shown; i.e. what are the
best choices of 6, and 6, for 4 = 9‘ + .92 X ?

We need a definition of “best”.

p.30f10

o (1,0)

*(2,3)
.(I.l)

Least-squares criterion: The best fit is the fit that
minimizes the residual R, where

l
R = dfﬂ}(YcMc 'yobs) (In this equation, Y cale = Q,

Note that the residual R can be expressed as a function of 8, and 6,:

2 2z z
R = (7%{( —\/1055> * (Ym l “709’5))(:1 * (y““"%"’}l:y

x=1

< (9‘ +QZ-2_)2 +(5\' +26, '3')2 + (9‘ Yo, _,\/,)1

+Q'7-+/6§)L‘+36 + 56 Qz‘/‘bs;)t ~Y 56,

2365+ U6 T +/90, 6, - 226, -éve,

A

ea Xebss )

= 8,518, 1 120,68, 48 -Y6, + 8} +48,%q +16,0,-46, - )26,

Now, use calculus to find the minimum of R. Calculus tells us that at such a minimum,
the partial derivatives of R with respect to the parameters must all be zero. For a simple
linear least-squares problem, there will always be only one set of parameters where the
partial derivatives are zero, and we can use calculus (and algebra) to find that solution:

R o=to,-1de 227 6-L-Zo,

l/&

i - +L51 -_7—8_ Y - .
e 0=126,%3 5 & -6y

L) o=v2e,+146, -6y G3s
99y =124 6, +Is1- 156, - 152
| =216,~3%
@z:%:% -—>91
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p.40f10

Thus y = (1/2) + (19/14)x is the best fit to the line. The values of y_,. are shown below:

X Yobs | Yealc Y cale = Yobs The minimized reSidual is

1 2 13/7 |-1/7 \ Xx >y
2 |3 |45/14 [3/14 ‘2:‘ [‘7)" *(E +<ﬁ> ’ﬁ
4 6 83/14 [-1/14 ! '

4) A matrix formulation of what we just did, to arrive at a general linear least squares
approach.

For linear least squares, the observed y values (y, where the i subscript is a counter for

all the different measurements of the data set) should conform to equation 1. The ¢,
represents random measurement error and the other terms are based on a theory.

Y, =Xy 0, + X, 0, + X3 05 + ...+ X, 0, +¢ (eq. 1)‘

The X; are either  independent variables
functions of independent variables (sin(t), 10*", PV, etc.)
just numbers

The key requirement is that we know or can calculate in advance the values of X;;.

In the graphical example, there are only two parameters (p = 2) and

Xi1=1

X, = X, 0, = X-intercept 0, = slope

If there are, say, 100 data points, there will be 100 equations like equation 1, each for a
different value of i. That gets hard to keep track of, especially when we are talking in
abstract terms. Fortunately, we can write a very simple equation using a matrix
formulation.

Here is what you need to know about matrices (you can learn more about them in linear
algebra courses).

Matricies: An “r x ¢ matrix” refers to a table of numbers (a spreadsheet, if you
wish) with r rows and c columns. Matrices are denoted in bold face and / or with
double underline: M.

Vectors: A “vector” is an r x 1 matrix (or it could be a 1 x ¢, but when possible
we’ll try to arrange numbers in a vector in a vertical arrangement). Vectors are
denoted with a single underline. The set of y, values is denoted y.

Matrix multiplication is defined as follows:
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if you’ve never seen dot products before, use the following formula

C; =X A, B,, where the sum is over the k columns of A and k rows of B.

(It becomes clear from this definition that matrix multiplication AB is only possible if A
has the same number of columns as B has rows.)

Three other matrix concepts we'll need are transpose, unity matrix and inverse.

 The transpose of A, denoted A’, has rows and columns switched so that A’; = A,.

e Unity matrices 1 are square matrices with 1’s along the diagonal and 0’s elsewhere.

These have the property that 1A=A 1= A.

e In general, inverse matricies can only be found for square matrices, and are denoted
A, The inverse is defined such that

]
=g =0
o m=1( g

OK - you are now an expert at matrices. We have a series of n equations like this:

Y, =Xy 0, + X, 0, + X3 05 +... + X, 0, +¢g (eq. 1)

This can be rewritten as a matrix equation: (From the earlier example:

—_ + i ! . €,
@’g T s (§>:<'- G
eq-2) b ‘ €,

nx| nxp pxl
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=¢crrerre) =lae &)

The residual to minimize is )2 = <,
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(Note that M = M’.)
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Now set the partial derivatives to zero and solve:
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In order to solve for 8 (the parameters we are trying to estimate), we left-multiply both
sides of the above equation by M™ (finding the inverse of a matrix by hand can be time-
consuming, but EXCEL and many other programs contain built-in algorithms for
inverting matrices, so we’ll just assume that this can be done easily).

)
N
1<
+
~NJ
= I
NG

g=Mm"V=x0"Xy

..—

5) Now for weighted linear least squares fitting

This is a slight variation of what we just did. Weighting means that we take account of
the precision of each measurement of y, by estimating a standard deviation of the

measurement 6,. These estimates of 6, may be all the same, or they may be different fo
the different data points.

In weighted least squares, the residual is defined as

2
= [
The weights of each point, w,, are defined as Wi (6‘,-) .
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'Wz O

b

The weighting matrix, W, is a diagonal matrix
W,

(a diagonal matrix is one in which all non-diagonal elements [W; , i#j] are zero)

— / .
A matrix formula for R is R - g -\/\__-:_-/ €

6) Estimating the uncertainty of the estimated parameters

One of the reasons least-squares analysis is popular for data analysis is that it provides
a method for estimating the uncertainty of each of the estimated 6, values.

. R -

\/chmce ~ Covarianel hatrix S :("a n M |
| N g |

where SE,(. (dlujom( e/@mw>=@'\€>2 (6‘{ s e.s.d. of 9L>

COf(‘éla‘?i.IOh Coe@(ciéﬂ‘[ CL' = .Ei"— (}’ar\je Le’/‘veen‘} and I>
J  6:6;

R. Scarrow April 26, 2004



Least-square estimation of parameters - theory p. 90f10

Notes on these matrices: The diagonal elements of S are called variances, while the off-diagonal

elements are called covariances of pairs of param;ters. A non-zero covariance will give rise to a
non-zero correlation coefficient, indicating that the parameter estimates are not independent. A
positive correlation coefficient (or covariance) means that if 6, has been estimated too high, then it

is likely that 6, has also been estimated too high; a negative correlation coefficient means high

estimations of 6, are likely associated with low estimations of 6. Relatively large correlation
coefficients (lc;| >0.7, for instance) are worth noting since they may give insight into the proper
interpretation of the results. When the correlation coefficients are near the limits (Ic;| > 0.95, for
instance) the least-square refinement may be less reliable due to round-off errors in the matrix
inversion routine.

Often, instead of reporting the minimized residual, researchers report a “goodness of
fit” statistic defined as follows: GOF = | R __ . The GOF should be = 1 if the

hdn“k_ y’e

measurement errors (and hence W) have been estimated correctly.
7) General (non-linear) least squares refinements

In many cases, the functional form (usually based on some theory or other) for
calculating y . is not of the form given in equation equation 1. For general least-
squares refinements, all that is needed is that there be some function that can be
calculated by a computer. It is also helpful if we know enough Calculus to calculate
formulae for the partial derivatives, although it is usually easy enough to have the

computer estimate these numerically (as Af / A, for very small increments of 6,
keeping all other 6 the same).

gom Pl e,

In general least squares, one needs to start with guesses for the 0,. Often the algorithm
presented here won’t work unless the guesses are “good” in that they are based on
preliminary analysis of the data (i.e. random guesses won’t work). Call the vector of

initial guesses @, and let y, denote the values of y,, based on these guesses:
yn = £ (x ; 9}' > B)l' an)

Assume that , is close to the “true” 8 and estimate y for these “true” parameters based
on the y, and the partial derivatives 6f / 0;:

ﬁ(xo QI)Q&-" ér\) Q‘/’D(XL) b, 1)1992- 6‘”)*?(—3—%)(9"@7})

p[eva/unjéd af Qg,omd X
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Putting the previous equation in matrix notation:

Y €Y ( ><9 &)

an 0 XD
mgrye\,‘ﬁcﬂ// s X

\=
N
1<
@;
o

(eq. 3)

The equation in the last line involves definitions: A@ =8~ andAy =y —y,. These
vectors represent the shifts in parameter estimates and y ;. Values that need to be made.
General least squares is based on the observation that equation 3 has the same form as
equation 2 from the linear least squares derivation. There are some differences: y has

become Ay, 8 has become A, and the equation is only approximate. But for now, use
the methods of the weighted linear least-squares section to solve for A8:

/ N~y
AQ:(Z( b/:)__O él/éz (eq. 4)
After solving for A8, calculate new guesses for 8 as .@new = @Z + éé .

These new guesses will probably still not be the best guesses (they won’t minimize R)
because of the approximation in equation 3. But usually they are closer. So with the
new guesses, calculate a new set of y, and X (based on partial derivatives), and then use
equation 4 to calculate a new shift in parameters. Each go-around is called a “cycle” of
least squares refinement.

After each cycle, one can calculate statistics on the estimated parameters; for instance

esd (Q> - ESJ[Z—@ ) The refinement is continued until the shift in each parameter is less
than 10% of the esd of that parameter. (Some programs stop when the fractional
decrease in R from one cycle to the next is less than a certain cut-off value).

That's it for the theory of least squares fitting. Like most theories, it is hard to
understand until you implement it in practice. For this reason, I have developed a
companion handout giving directions for using EXCEL to perform linear and general
least-squares calculations. Following the directions in this handout will help you to
understand what matrix multiplication looks like in practice.
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